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ABSTRACT 

In this paper significant modifications to the method proposed by Murty in 2006 for solving LP are introduced. Each 

iteration in Murty’s method consists of two steps ; a centering step and a descent step. The centering step is a 

corrector step that tries to move a current interior feasible solution into the center of the feasible region without 

sacrificing the objective quality. This center is considered as the center of the largest hypersphere that can be 

inscribed in the polytopic feasible region. The centering step is accomplished using two centering phases. The 

second step is a predictor step that results in a strict decrease in objective value. A modification is done to that 

procedure by combining the foregoing two centering phases through adding  an extra constraint parallel to the 

objective function to the polytopic feasible region. Then, the center of the modified polytopic feasible region is 

obtained by finding the center of the largest hyperellipsoid inscribed inside it using an ellipsoidal method. A descent 

step is then done to get a better solution.  

 

Keywords: Ellipsoidal Method, IPM, LP, Murty Method. 

 

1.    INTRODUCTION 
Consider the following Linear programming problem (LP): 

                          bAxxcQ(x)min T

x
                                                                             (1)  

 where 
Tcandmnnm Rb , Rc &x, RA  

  is the transpose of c. 

In 2006 , Murty proposed an interior point method for solving LP [1,2]. Each iteration in Murty’s method consists of 

two steps ; a centering step and a descent step. The centering step is a corrector step [3] that tries to move a current 

interior feasible solution into the center of the feasible region without sacrificing the objective quality. This center is 

considered as the center of the largest hypersphere that can be inscribed in the polytopic feasible region , and this is 

accomplished using two centering steps. The descent  step is a predictor step that results in a strict decrease in 

objective value. 

  Murty's method starts using an initial feasible solution which can be obtained  by solving an auxiliary simple LP. 

Then,  moves this starting solution to the center of the feasible region through two centering steps. The first of them 

begins by constructing the largest hypersphere that can be inscribed within the feasible region with its center at the 

initial feasible solution. That sphere touches some constraint boundaries. Then,  a line search  is made from that 

initial solution point in a direction called a profitable direction. This direction is chosen only from among the 

directions orthogonal to the constraint boundaries , furthermore  it increases the radius of the sphere that can be 

drawn inside the feasible region and  at the same time it decreases the objective function. This procedure moves the 

solution in deep near the center of the feasible region and gets a better solution at the same time. A new sphere is 

then constructed and the same previous process is repeated till no profitable direction can be found [3]. The process 

of the first centering step is illustrated in Fig. 1. 
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Fig. 1. The First Centering Step of Murty's Method. 

  

The second centering step searches about a better solution along a hyperplane passing through the last solution 

reached by the first centering step and parallel to the objective function itself, in the senses that it searches on this 

hyperplane about a solution point which acts as the center of the biggest sphere that can drawn inside the feasible 

region, keeping the value of the objective function the same [3]. The process of the second centering step is 

illustrated in Fig.  2. 
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Fig. 2. The Second Centering Step of Murty's Method. 

 

The last step is the descent step in which a line search is done in each of two directions; one is the steepest descent 

direction, and the other in a direction joining between the current center of the biggest sphere and the similar center 

having been obtained in the previous iteration. The search is about the maximum step that decreases objective value 

inside the feasible region. The solution point which gives the better objective function value is considered the output 

of the current iteration and is used as an initial point for the next iteration[3].The process of the descent step is 

illustrated in Fig. 3. 
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Fig. 3. The Descent Step of Murty's Method. 

 

2.    MURTY'S METHODOLOGY AND ALGORITHM 
Before presenting Murty's algorithm, we consider the following  notations and definitions. Considered the LP (1): 

                          bAxxcQ(x)min. T                                                                            

 where 
mnnm Rb , Rc &x, RA  

. 

-  Ai. , i = 1, …, m,   denote the normalized  ith row of the matrix A, i.e. 1. iA ,  and also  1c , where 

. denotes the Euclidean norm. 

- K = set of feasible solutions of (1), assumed to be bounded. 

-   Kofinterior bAx x Ko  . 

-  m1,...,i ,KxxAbminδ(x) o
i.i  , it is the radius of the largest sphere  (x),xB   

inside K with x as its center. 

-  m1,...,iA- , A T

i

T

i1  . This is the set of directions normal to the facetal hyperplanes of K. 

- ; where   i..i Acc'Ip  , the orthogonal projection of i.A

(which is the direction normal to the facet of K defined by the i
th

 constraint in (1)) on the hyperplane 

  m1,...,ifor0xcx T  . 

- Profitable direction “y” ; it is a direction to move  
oKx satisfying the property that  yx    

increases as  increases from zero. y is profitable if Ai.y  0 i T(x) and  c
T
y <0, where 

  ibxi.A  i(x)T , the index set of tangential constraints to  (x),xB  . 

2.1 Algorithm 

Initialization: Finding an initial feasible solution 

- Find an initial feasible solution by solving the following LP: 

           0x,bexAxMxxcQ(x)min 000

T  ,                                 (2) 

           where,
mR1),... 1,(1,e  , M is a very large positive penalty parameter. 

 .m.1.m.12 p,...,p,p,...,pΓ 
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An initial interior feasible solution to the last LP (2) can be   
10

0

0 ),0(  nRxx where 
0

0x   is an initial value for 

0x  which is a sufficiently large positive number. Let 
nRx 0
 be the initial feasible solution for problem (1). 

 

An iteration: (iteration r+1)    

Let rx  be the current interior feasible solution obtained in the previous iteration Murty's method consists of two 

centering steps and one descent step. 

 

 Step(1):The first  centering step 

Beginning with  r

r xx 0,
 this step generates a sequence of points ,...2,1,, kx kr

along which the 

radius of the sphere    is increasing.  

1- Look for a  profitable direction 1y , at the current interior point
krx ,

 such that 

0,)(;0 ,  ycxTiyA Tkr

i . 

2- Solve the following 2-variable LP to get the optimum step length   to obtain the largest hypersphere 

inscribed inside the feasible region on the profitable direction y.  

 0,;,...,1;max ,

..
,

 


mibxAyA i

kr

ii          (3) 

3- Let    ,  be the optimal solution of (3). 

4- Find yxx krkr   ,1,
. 

5- Repeat steps 1 to 4 , until no profitable direction 
1y can be found. 

6- Let the last feasible solution obtained be 
qrx ,

. 

Step(2): The second centering step 

7- Calculate 
qrT xct , . 

8- Obtain the center of the largest hypersphere on the current objective hyperplane  txcx T  , 

by solving the following (n+1) variable LP  txcmibxA T

ii
x

 ,,...,1;max .
,




 

          (4) 

Comment: to solve (4),the same procedure in the first centering step with profitable directions selected from the set 

2 can be used, then ))(,(
rr

xx  is the solution of (4). 

Step(3):Descent step 

Consider only two descent directions
)1(

,



rrT xxc , where 

)1( r

x is the center obtained in the 

previous iteration.  

9- Find 
*

2

*

1  and ; where  

  )5(0,,...;1;)(min 1..111

*

1
1

 


mibxAcAcxQQ i

r

ii

r

 



 ,,...,1;)(

))((min

.

1

.2

1

22

*

2
2

mibxAxxA

xxxQQ

i

r

i

rr

i

rrr














          (6) 

to get the step length in each of the descent directions. 

10- Take 𝑥𝑟 = 𝑥𝑗
𝑟  such that 𝑄 𝑥𝑗

𝑟 = min 𝑄𝑗  , 𝑗 = 1,2                (7) 
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where )()(,)( 1

2211

 xxxxcxx rr   , where  is a suitable 

tolerance, so 
rx is the output of the r

th
 iteration. 

The iterations are repeated until we obtain 𝛽𝑚𝑖𝑛  where 

   2,1,min)(min  jQQ jjj  .                      (8) 

with 𝛽𝑚𝑖𝑛 < 𝛾 , where 𝛾 is an arbitrary infinitesimal accuracy bound. 

 

 

3.    THE PROPOSED MODIFICATIONS 

Two modifications are proposed to Murty's method concerning the centering steps. In the first modification, the two 

centering steps are combined in one centering step. The second modification considers the center of the polytopic 

region to be the center of the largest hyperellipsoid that can be inscribed within the polytope. 

 

3.1 The First Modification ( Spherical Combined Centering Method (SCC))  
In Murty’s method for LP, each iteration has two centering steps: 

1- A first centering step using profitable directions that optimize the objective function and maximize the 

largest hypersphere inside the polytopic feasible region. 

2- A second centering step that searches for the center of the polytopic feasible  region along a  hyperplane 

parallel to the objective function at the current solution.  

This two-centering steps procedure seems to be equivalent to the one-centering step procedure of finding the center 

of the largest hypersphere inside the polytope whose center x has an objective value smaller than or equal to that of 

the current solution. This can be obtained by solving the following (n+1)-variable LP, 

  mixcxcbxA rTT

ii
x

,...,1;,max .
,




          (9) 

This will be referred to as Spherical Combined Centering procedure (SCC). Obviously, SCC procedure needs less 

computational effort compared with the effort needed for Murty’s. That is because Murty's procedure requires k 

times two-variable LP, in addition to (n+1)-variable LP, where k is the number of the profitable directions used. 

This number maybe very large , while the SCC procedure requires only (n+1)-variable LP. 

Solving (9) means that the feasible region is reduced by a hyperplane parallel to the objective function and passing 

through the current point x
r
. The largest hypersphere is found inside the reduced feasible region, as shown in fig. 4 

with center 
rx , say. Then the descent step will be applied as in Murty's. 

An illustration of the effect of the SCC procedure will be presented in the following section. 
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Fig. 4. Illustration of the Proposed Spherical Combined Centering Step. 

 

3.1.1 Illustration of the effect of the SCC procedure 
The effect  of the combined centering method appears clearly especially in cases in which the feasible region has 

parallel or semi-parallel constraints having a very small difference in their gradients. Consider the following two- 
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dimensional example given in Fig. 5 for which constraints 1 and 3 have gradients of very small difference while 

constraints 2 and 4 are orthogonal.  
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Fig. 5a. Behavior Murty's method for semi-parallel constraints. 

 

Suppose that the current iteration(r+1) starts at x
r,o

 which is the center of the circle drawn touching constraints 1 and 

3 which have almost equal gradients with a very small difference and meet in the direction of the decrease of the 

objective function. Searching for a profitable direction y such that A1.y ≤0 ,  A3.y≤0 , and c
T
y<0 we get the only 

profitable direction y = -A2. which is parallel to constraint 1 in a direction that decreases the objective function as 

shown in figure 5a. When solving  (3) to find the step length (α) which maximizes the radius (δ) of the hypersphere 

inscribed in the feasible region, no improvement for the center of the largest inscribed  hypersphere is obtained and 

the value of α will be equal to 0.  Hence, the same current hypersphere centered at x
r,o

 is obtained. 

When solving (4) to get the center of the largest hypersphere on the current objective hyperplane {x| c
T
x = c

T
x

r,o
 }. 

Again, no improvement is obtained and we get again the same current hypersphere centered at x
r,o

.  Actually, the 

mentioned circle has been stuck because of the special geometrical nature of the feasible region. Hence, the output 

of the two centering steps is the same point x
r,o

=
r

x . A descent step is then done to get a non-boundary output point 

x
r+1

. 
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Fig. 5b. Behaviour of SCC procedure for semi-parallel constraints. 
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However, on using the spherical combined centering method, the reduced feasible region is obtained by constructing 

the hyperplane c
T
x = c

T
x

r
 . The center of the largest hypersphere inscribed in the reduced feasible region is centered 

at 
r

x as shown in fig. 5b. A descent step is then made to get the boundary output point x
r+1

 which is obviously much 

closer to the optimal solution than that in Murty's method.  It is clear that the process of the SCC method will be 

much faster than of Murty's method. However, assuming that the center of the largest hypersphere to be the center of 

the polytopic feasible region, this center still suffer from being depending on the constraints constructing the 

polytopic feasible region themselves which represents an obstacle for reaching the center of the polytopic region. 

 

3.2 The Second Modification: Ellipsoidal Combined  Centering Method (ECC) 

As previously given, Murty's and the SCC procedure consider the center of the polytopic feasible region to be the 

center of the largest hypersphere that can be inscribed within the region. This  center may be not unique as 

mentioned by Murty[3],  when considering a feasible region, for example, having  parallel constraints as shown in 

fig. 6. Also, for the same example if a slight change in the gradient of one of the parallel constraints is made, this 

may slide the largest sphere away from the center of the polytope. To overcome this, the center of the polytope will 

be considered as the center of the largest hyperellipsoid that can be inscribed within the polytope. This center is 

proved to be a reliable one since it is not affected by constraints themselves but by the shape of the polytope [4]. In 

addition, the examples given in [4] showed that this center may coincide with center obtained using the  Monte 

Carlo method.  

                

  

 

 

 

 

Fig 6. A 2-dimensional polytope for which the largest inscribed sphere  is not unique[3] 

 

3.2.1 The Largest inscribed hyperellipsoid in a polytope 

Consider  the  polytope P in 
nR  where  

            ,Rb , Rc &x, RA   ,|P mnnm  bAxx         (10) 

and the ellipsoid B)x ,( 0E  in 
nR  where                       1)()(:,( 0

1

00  
xxBxxxB)x

TnRE ,                                 

       (11) 

and 
nR0x   is the center of the ellipsoid and the matrix  B is the ellipsoid matrix which is a symmetric positive 

definite matrix.  

The largest ellipsoid which can be inscribed within the polytope P can be obtained by solving the following 

optimization problem [5]:  

                             

AmatrixtheofrowiththeisA

B

mibBAAAts

i

i

T

iii

Bx

0

x

B

>

...,1,.

detlnmin

0

,0





                                         (12) 

Problem (12) is a convex programming problem in x0 and B [6,7]. Then, a local minimum of the problem is also a 

global minimum [8]. Hassan [9], proposed an ellipsoidal technique that inscribe the largest ellipsoid inside the 

polytope P.  

The technique generates a sequence of decreasing volume hyperellipsoids, one per iteration, each of which is 

guaranteed to contain the polytope. This sequence converges to a final hyperellipsiod where no further volume 

reduction can be obtained. A scaled version of the final hyperellipsiod is the required hyperellipsiod. At each 

iteration of the technique one of the hyperplanes defining the polytope is used to cut the current hyperellisoid such 

that the polytope is confined in the hyperellipsidal slice defined by the current hyperellipsoid and the feasible 

halfspace of this hyperplane. The subsequent hyperellipsoid is constructed to be the minimum volume hyperellipsoid 

containing the hyperellipsoidal slice.   

The technique  is summarized by the following algorithm(algorithm ELPS)[9]. 

x
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3.2.2 Algorithm ELPS 

. Initialization 

 Given the ellipsoid )Bx 00 ,(E  (may be a sphere) in 
nR  which is large enough   to contain the polytope P (10).  

. An iteration  
The current ellipsoid is Es(xs,Bs)  

1- Find dj = js

T

j ABA , where 
T

jA  is the j
th

 row in A  

ej = js

T

j bxA  , j = 1, ... , m  

2- Find  

j

j

mj d

e




1
max ,  

Let k = index where max.   is attained  

3- If Max   > 
n

1
 

The new ellipsoid is Es+1(xs+1, Bs+1) where 

  xs+1 = xs – γz , z = 

ksk
T

ks

ABA

AB
 

  Bs+1 = 




































 '1

2

2 zzBs



  

where: 
1

1
,

1

)1(
,

1

)1(
2

22
2
















n

n

n

n

n

n 






  

Set xs=xs+1 , Bs=Bs+1 

go to step 1 

Otherwise: 

Output the current ellipsoid 
1

𝑛2 Es(xs,Bs) as the largest hyperellipsoid contained in polytope P. 

The ECC method modification is summarized as follows:  

 Initialization:  

o Use algorithm ELPS to find  the center of the largest hyperellipsoidal that can be inscribed inside 

the polytopic feasible region of LP (1). 

 Iteration: 

o Construct a cut plane at the solution obtained from the previous iteration parallel to the objective 

function to zoom the feasible region in. 

o Use algorithm ELPS to find  the center of the largest hyperellipsoidal that can be inscribed inside 

the polytope formed by the intersection of the polytopic feasible region(1) and the halfspace 

defined by  the  cut plane. 

o Make a descent step exactly as in Murty's. 

So, the ECC method can be denoted by the sequence “sliding , centering, descent”. Notice that in this method an 

initial feasible solution to start with is not needed as the ellipsoidal algorithm does not need it. 

 

3.2.2 The Ellipsoidal combined centering algorithm (ECC)  

Initialization 

Use algorithm ELPS to find  the center of the largest hyperellipsoidal that can be inscribed inside the polytopic 

feasible region (1). we can use the origin as an initial point x0. 

 

An iteration 

STEP(1): Ellipsoidal Combined Centering (ECC) Step 

Assume that  the current solution is  x
r-1 

(for the first iteration let x
r-1

 be x
1
=

1

x  where 
1

x  is the center of the largest 

hyperellipsoid obtained from algorithm ELPS. 



IJRRAS 7 (3) ● June 2011 Hassan & Ali ● Modifications to Murty’s Method 

 

 
 

257 
 

1- Construct  the additional constraint c
T
x≤c

T
x

r-1
. 

2- Consider the new current polytopic feasible region Pr  

where Pr={ Ax≤b and c
T
x≤c

T
x

r-1
} 

3- Use algorithm ELPS to find  the center of Pr , 
r

x say.  

 

STEP(2): Descent Step 

The descent step is done exactly as in Murty's. 

Fig. 7 shows an illustration of a complete iteration of the  ECC method. 

 

 
Fig. 7.  "Sliding, Centering, Descent" Sequence of the ECC Method. 

 

4.    NUMERICAL EXAMPLES 

Here are two examples of 2-D and 4-D which introduce a comparison among the three methods; Murty's, SCC, and 

ECC.  

The examples figure out that only ECC starts algorithm with any point. Murty's algorithm requires to calculate the 

distance from the initial point to each constraint to consider the minimum of them to determine the tangential 

constraints. This takes m sub-iterations where m is the number of constrains. Also, the first centering step of murty's 

algorithm determines the profitable direction at a chosen point by checking 2m times the number of the current 

tangential constraints (2 directions for each original constraint ±Ai). In both of Murty's and SCC, a step of LP of 

(n+1) variables is needed to determine the center and the radius of the largest hyperspher. On the other side, ECC 

algorithm makes just m calculations for the distances from the chosen point to each of the constraints.  

 

4.1 Example 1  

Min. Q = 2x1 + x2  ,  s.t:  x1 ≤ 10 , -x1+1001x2 ≤ 4000 , x1≥ 1 , x2≥ 0 

 

Table1. Comparison of the solutions of Ex. 1 by Murty's, SCC,and ECC methods  

No. Item Murty's  SCC Method ECC method 

1 Optimal solution   
1.002315690812367
0.010500112764983

   
0.999999999989920
0.000000000005084

   
1.000000034966164
0.000000000000022

  

2 Number of iterations 9 4 4 

3 Initial point  (8,1) 

feasible 

(8,1) 

feasible 

(0,0) 

infeasible 

4 Number of sub-iterations to 

calculate distance to constraints  

4 - - 

5 Number of sub-iterations to 

accomplish the 1st centering step  

260 - - 

7 Manipulation size to get the center 

of the feasible region per iteration  

(261)2var. LP 

one 3- variable LP 

One 3-variable LP 140 (ave) calculations 

8 Manipulation size for the descent 

step per iteration  

Two 1- variable LP Two 1- Variable LP Two 1- Variable LP 
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4.2 Example 2 

Min. Q =2 x1 +x2 -5x3+3x4 ,  S.t:  2x1+x2 +1.5x3+0.5x4 ≤ 250 , x1+0.5x2+2x3+1.5x4 ≤ 200, 

-x1-x2 ≤ -100 ,  -x3≤ -20 , -x1≤ 0 , -x2≤ 0 ,  -x4≤ 0 

 

Table 2. Comparison of the solutions of Ex. 2 by Murty's, SCC,and ECC methods  

 

N

o. 
Item Murty's method Spherical Method Ellipsoidal method 

1 Optimal 

solution  
(0.003467,100.288731

,74.111203,0.000576) 

(0.000234,99.145667,

75.887676,0.000123) 

(0.000077,100.000112,74.999999

,0.000001) 

2 Number of 

iterations 

10 3 3 

3 Initial point  (100,0,20,0) 

feasible 

(100,0,20,0) 

feasible 

(0,0,0,0) 

infeasible 

4 Number of sub-

iterations to 

calculate 

distance to 

constraints  

7 - - 

5 Number of sub-

iterations to 

accomplish the 

1
st
 centering 

step  

752 - - 

7 Manipulation 

size to get the 

center of the 

feasible region 

per iteration  

(753) 2-variable LP 

One 5- variable LP 

One 5-variable LP 326 (ave) calculations 

8 Manipulation 

size for descent 

per iteration  

Two 1- variable LP Two 1- Variable LP Two 1- Variable LP 

 

The first example has a feasible region that contains semi-parallel constraints 2 and 3. This figures out the advantage 

of  ECC where it starts with an infeasible point (0,0) and takes just 140 simple mathematical calculations and hits 

the exact optimal solution in only 4 iterations. Murty's takes 260 sub-iterations just to calculate the profitable 

directions and solve 262 LP's in the centering step in each of which 4 distance calculations are performed to 

determine the tangential constraints. Actually, 9 full iterations are made and the exact optimal solution is not 

obtained. In the second example ECC again starts with an infeasible point; the origin, and takes 326 simple 

calculations in only 3 iterations, while Murty's takes 752 sub-iterations just to calculate the profitable directions and 

solve 754 LP's in the centering step, each of which has 7 distance calculations. 

 

 

5.    CONCLUTION 

A new method for solving LP is presented in this paper. This method is a modification of Murty's method which 

depends on centering the feasible region through moving in directions normal to the constraints while descending in 

the feasible region. This centering approach is done through two centering steps. 

The Ellipsoidal Combined Centering (ECC) method is our new method which depends on combining the two 

centering steps of Murty's in one centering step by finding the center of the polytopic feasible region through 

approximating it by the largest hyperellipsoid that can be inscribed inside the polytope and whose center is used as 

the polytope center.  

The ellipsoidal method is achieved after modifying Murty's method to the Spherical Combined Centering (SCC) 

method. SCC considers the center of the polytopic feasible region as the center of the largest hypersphere inscribed 

in it. ECC considers that center as the largest inscribed hyperellipsoid which is proven to be more precise center.   

ECC algorithm approaches the optimal solution faster than each of the other two methods according to that it 

accomplishes its process in a less complicated procedure and much less steps than either of them.  
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Furthermore, beside that ECC method does not require an initial feasible point to start with, it does not need to 

execute a step of (n+1)-variable LP, where n is the space dimension, to determine the center of the feasible region as 

in the other two methods, which seems to be very expensive to do especially in higher dimensions, instead it 

satisfies with simpler calculations to accomplish its mission. 

Murty's algorithm needs to calculate the distance from the initial point to each constraint to consider the minimum of 

them to determine the tangential constraints. This takes m sub-iterations where m is the number of constraints. ECC 

and ECC algorithms do not require such a subroutine. Murty's algorithm, in its first centering step,  determines the 

profitable direction at a chosen point by checking 2m times the number of the current tangential constraints (2 

directions for each original constraint ±Ai), the other two algorithms do not need so. Also in the first centering step 

of Murty's algorithm, it looks for the profitable directions to move along them until there does not exist any of them. 

Practically, this subroutine sometimes takes some thousands of sub-iterations to achieve that especially when some 

of constraints are parallel or semi-parallel to those constraints. The other two algorithms do not require such a 

subroutine at all. 

The time factor each of the three methods elapsed also comes to the favor of the ellipsoidal method during the 

process of the examples examined. The matter which is reasonable  as a result of the foregoing discussion and 

consistent to those comparisons. 

Finally, as the ellipsoidal technique has been proven that it has polynomial complexity in solving LP [5,10] . Hence 

it has the advantage of being more reliable for higher dimension problems. 
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