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ABSTRACT 

In this paper, A modi£cation of the Homotopy analysis method (HAM) applied to nonlinear Riccati differential 

equations which yields a series solution with accelerated convergence, has been presented. Illustrative examples 

have been given . 
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1.   INTRODUCTION  

Ordinary differential equations involving fractional order derivatives are used to model a variety of systems, of 

which an important engineering application lies in viscoelastic damping [1, 2].  

 In recent years, both mathematicians and physicists have devoted considerable effort to find robust and stable 

numerical and analytical methods for solving fractional differential equations of physical interest. Numerical and 

analytical methods have included Adomian decomposition method [3, 4], variational iteration method [5,6], 

homotopy analysis method [7,8], and other method[9]. 

In this paper, we present numerical and analytical solutions for the fractional Riccati differential equation: 

 
𝑑𝛼

𝑑𝑡𝛼
= 𝐴 𝑡 + 𝐵 𝑡 𝑦 + 𝐶 𝑡 𝑦2 ,     𝑡 > 0, 𝑚 − 1 < 𝛼 ≤ 𝑚                            (1) 

 

subject to the initial conditions  :𝑦 𝑗   0 = 𝑐𝑗 ,   𝑗 = 0,1, … , 𝑚 − 1 

where   A(t), B(t) and C(t)  are given functions, 𝑐𝑗 , j = 0,1,. . . ,m -1, are arbitrary constants and 𝛼 is a parameter 

describing the order of the fractional derivative. The general response expression contains a parameter describing 

the order of the fractional derivative that can be varied to obtain various responses.  

In the case of 𝛼 = 1, the fractional equation reduces to the classical Riccati differential equation. The importance of 

this equation usually arises in the optimal control problems. The feed back gain of the linear quadratic optimal 

control depends on a solution of a Riccati differential equation which has to be found for the whole time horizon of 

the control process [10]. 

The existing literature on fractional differential equations tends to focus on particular values for the order . 

There are many different types of de_nitions of fractional calculus. For example, the Riemann-Liouville integral 

operator [11] of order  𝛼 is defined by 

 

 𝐽𝛼𝑓  𝑥 = {
𝑓 𝑥                             𝛼=0

1
𝛤(𝛼)  

𝑓(𝑡)

(𝑥−𝑡)1−𝛼
𝑥

0 𝑑𝑡       𝛼>0,𝑡>0 

                                         (2) 

The next two equations define Riemann–Liouville and Caputo fractional derivatives of order  , respectively, 

Dαf x =
dm

dxm
 Jm−αf x  ,                                                        3  

D∗
αf x = Jm−α  

dm

dxm
f x  ,                                                   4  
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Where  m-1 < 𝛼 ≤ 𝑚 and 𝑚 ∈ 𝑁. For now, the Caputo fractional derivative will be denoted by 𝐷∗
𝛼  to maintain a 

clear distinction with the Riemann–Liouville  fractional derivative. The Caputo fractional derivative first computes 

an ordinary derivative followed by a fractional integral to achieve the desired order of fractional derivative. The 

Riemann–Liouville fractional derivative is computed in the reverse order. We have chosen to use the Caputo 

fractional derivative because it allows traditional initial and boundary conditions to be included in the formulation of 

the problem, but for homogeneous initial condition assumption, these two operators coincide. 

 

2 .   BASIC IDEA OF HAM 

We consider the following differential equation                            

                                                                      𝑁 𝜏 = 0                                            (5)                                                                                  

where 𝑁 is a nonlinear operator, 𝜏 denotes independent variable, u(𝜏) is an unknown function, respectively. For 

simplicity, we ignore all boundary or initial conditions, which can be treated in the similar way. By means of 

generalizing the  traditional homotopy method, Liao [12] constructs the so-called zero-order deformation equation 

                                      1 − 𝑝 𝐿 ф 𝜏; 𝑝 − 𝑢0 𝜏  = 𝑝𝐻 𝜏 𝑁 ф 𝜏; 𝑝  ,           (6)                            

where p∊ [0,1] is the embedding parameter,  ≠ 0 is a non-zero auxiliary parameter,  H(𝜏) ≠ 0 is an auxiliary 

function,  𝐿 is an auxiliary linear operator, 𝑢0(𝜏) is an initial guess of 𝑢(𝜏), 𝑢(𝜏; 𝑝), is a unknown function, 

respectively. It is important, that  one has  great freedom to choose auxiliary things in HAM. Obviously, when 𝑝 = 0  

and = 1 , it  holds   

                              ф 𝜏; 0 = 𝑢0 𝜏 ,ф 𝜏; 1 = 𝑢 𝜏                                                      (7)                                                                                    

respectively. Thus, as p increases from 0 to 1, the solution 𝑢(𝜏; 𝑝)  varies from the initial    guess 𝑢0(𝜏) to the 

solution (𝜏) . 

 Expanding   𝑢(𝜏; 𝑝) in Taylor series with respect to p, we  have    

                                         ф 𝜏; 𝑝 = 𝑢0 𝜏 +  𝑢𝑚 𝜏 ∞
𝑚=0 𝑝𝑚                                 (8)                                                                   

                   where 

                                             𝑢𝑚 𝜏 =
1

𝑚 !

∂𝑚ф 𝜏;𝑝 

∂𝑝𝑚                                                           (9)                                                                                       

According  to the definition (8), the governing equation can be deduced from the zero-order deformation equation 

(6). Define the vector 

                                               𝑢𝑛     = 𝑢0 𝜏 , 𝑢1 𝜏 , … , 𝑢𝑛 𝜏                                          (10)                                                   

 Differentiating equation (6) m times with respect to the embedding parameter p and then     setting 𝑝 = 0 and finally 

dividing  them by 𝑚!, we have the so-called 𝑚th-order deformation  equation     

                    

                        𝐿 𝑢𝑚 𝜏 − χ
𝑚

𝑢𝑚−1 𝜏  = 𝐻 𝜏 𝑅𝑚  𝑢𝑚−1            ,                     (11)                                                                  

 Where 

                                    𝑅𝑚  𝑢𝑚−1            =  1

(𝑚−1)!

𝜕𝑚 −1𝑁[ф 𝜏;𝑝 ]

𝜕𝑝𝑚 −1  
𝑝=0

,                        (12)                                                               
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  And 

χ
𝑚

=  
0  𝑚 ≤ 1
1  𝑚 > 1

  

 It should be emphasized that 𝑢𝑚−1 𝜏  for 𝑚 > 1 is governed by the linear equation (11) under   the linear boundary 

conditions  that come from original problem, which can be easily solved by symbolic computation software such as 

Mathmatica.  If Eq. (5) admits unique solution, then this method will produce the unique solution.  If equation (5) 

does not possess unique solution, the HAM will give a solution among many other (possible) solutions.  For the 

convergence of the above method we refer the reader to Liao’s work [12].  

3.  THE MULTISTAGE HOMOTOPY ANALYSIS METHOD FOR NON-LINEAR RICCATI 

DIFFERENTIAL EQUATIONS 

 

The solution given in HAM is local in nature. To extend this solution over the interval 𝐼 = [𝑥0 , 𝑇] we divide the 

interval 𝐼 into sub-intervals 𝐼𝑗 =  𝑥𝑗−1, 𝑥𝑗  , 𝑗 = 1,2,3, … , 𝑝,where 0 ≤ 𝑥0 < 𝑥1 < ⋯ ≤ 𝑥𝑝 = 𝑇 , We solve the Eq.(1) 

in each subinterval 𝐼𝑗 .  .Let 𝑦1 𝑥  be solution of Eq.(1) in the subinterval 𝐼1. For,2 ≤ 𝑖 ≤ 𝑝, 𝑦𝑖(𝑥)is solution of 

Eq.(1) in the subinterval  𝐼𝑖  with initial conditions by obtaining the initial conditions from the interval 𝐼𝑖−1. 

 

𝑦𝑖 𝑥𝑖−1 = 𝑦𝑖−1 𝑥𝑖−1          𝑓𝑜𝑟    𝑖 = 2, ⋯ , 𝑝 
 

The solution of Eq.(1) for  𝑥 ∈ [𝑥0, 𝑇] is given by 

 

𝑦 𝑥 =  χ
𝑚

𝑦𝑖 𝑥 ,

𝑝

𝑖=1

                                                   (13)  

 

where 

 

χ
𝑚

= {0,         𝑥€𝐼𝑖

1,        𝑥∈𝐼𝑖  

 

4.    ILLUSTRATIVE EXAMPLES 

 

Example 2 : Consider the following fractional Riccati equation:[13] 

𝐷𝛼𝑦 𝑡 = −𝑦(𝑡)2 + 1                      0 < 𝛼 ≤ 1                           (14) 
subject to initial condition 

𝑦 0 = 0 

The exact solution, when  𝛼= 1; is: 

𝑦 𝑡 =
𝑒2𝑡 − 1

𝑒2𝑡 + 1
 

 

 
 

 Fig.1.Comparison of  MHAM approximate solutions(red) with the  exact  solutions(black)  by p=3 and m 
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Fig.2. Comparison of  HAM approximate solutions(6- order) with the  exact  solutions(black)  and  ADM(green) 

 

Example 2 : Consider the following fractional Riccati equation[13]: 

 

𝐷𝛼𝑦 𝑡 = 2𝑦(𝑡) − 𝑦(𝑡)2 + 1                      0 < 𝛼 ≤ 1                      (15) 
 

subject to initial condition 

𝑦 0 = 0 

The exact solution, when   𝛼= 1, is: 

 

𝑦 𝑡 = 1 +  2 tanh   2𝑡 +
1

2
𝐿𝑜𝑔  

 2−1

 2+1
  .                                                 (16)      

         
Fig.3.Comparison of  MHAM approximate solutions(red) with the  exact  solutions(black)  by p=3 and m=2. 
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Fig.4. Comparison of  HAM approximate solutions(6- order) with the  exact  solutions(black)  and  ADM(violet). 

5. CONCLUSION 

Homotopy analysis method is a powerful method which yields a convergent series solution for linear/nonlinear 

problems. This method is better than numerical methods, as it is free from rounding off errors, and does not require 

large computer power. We have suggested a modi£cation of this method which we call as 'multistage HAM' .Here 

we have applied multistage HAM for solving a nonlinear Riccati differential equations equations. The multistage 

yields a series solution which converges faster than the series obtained by HAM and ADM. Illustrative examples 

presented clearly support this claim.  Mathematica has been used for computations in this paper. 
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