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ABSTRACT
In this article, we focus on the semi-parametric error-in-variables model with missing responses: y; = &8 + g(t;) +
€, x; = & + u;, where y; are the response variables missing at random, (&;, t;) are design points, &; are the potential
variables observed with measurement errors y;, the unknown slope parameter 8 need to be estimate. Here we choose
two different approaches to estimate 8. Under appropriate conditions, we study the asymptotic normality for the
proposed estimators.
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1. INTRODUCTION
Consider the following semi-parametric error-in-variables(EV) model

{yi SB+g(t) +e, (1.1)
Xp = &t Mg
where y; are the scalar response variables, (&;,t;) are design points, x; are observable random variables with
measurement errors u;, Eu; = 0, €; are statistical errors with Ee; = 0. 8 € R is an unknown parameter waiting to be
estimated. g(-) is a unknown function taking values in [0,1], h(-) is a known function defined on [0,1] satisfying

§i = h(t) + v, (1.2)
where v; are also design points.

Model (1.1) has been one of the important issues in statistical research. When u; = 0, &; are observed exactly,
the model (1.1) reduces to the general semi-parametric model, which was first introduced by [1]. [2] considered
marginal generalized semi parametric partially linear models for clustered data. The extensive application of semi-
parametric model is of great significance to the development of parameter estimator and estimator efficiency.

More and more attention has been paid to the statistical research of measurement error data. This is because
it has appeared in many subjects, including medicine, economics and engineering. There is no doubt that the final
results would be biased or inconsistent. When y; are complete observed and g(-) = 0, the model (1.1) reduces to the
usual linear EV model. [3] proposed a constrained empirical likelihood confidence region. When g(-) # 0, the model
(1.1) has also been studied by many scholars. [4] establish the consistency and vn-normality property of the estimator
of the finite-dimensional parameters of the model. Therefore, it is necessary to use corresponding measurement error
model and it has been developing constantly.

However, we often encounter incomplete data due to various reasons. Methods to deal with missing data
have been widely studied, missing data imputation is the most popular one. Among others, one can impute a plausible
value for each missing data, then analyze the results as if they are complete. In regression problems, commonly used
imputation approaches include linear regression imputation by [5] nonparametric kernel regression imputation by [6]
semi-parametric regression imputation by [7]. We here extend the methods to the estimation of 8 under the model
(1.1). We obtain two approaches to estimate g with missing responses and study the asymptotic normality for the
estimators.

In this paper, investigate parameter estimates for models with fixed designs, suppose we obtain a random
sample of incomplete data {(y;, §;, x;, t;)} from the model (1.1), where §; isa number, §; = 0 if y; is missing, otherwise
§; = 1. We assume that y; is missing at random. This assumption is a common assumption for statistical analysis with
missing data and is reasonable in many practical situations.

The paper is organized as follows. In Section 2, we list some assumptions. The main results are given in
Section 3. Some preliminary lemmas are stated in Section 4. Proof of the main results is provided in Section 5.
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2. ASSUMPTIONS
In this section, we list some assumptions which will be used in the main results. Here a,, = 0(b,,) means |a,,| < |b,|,
a, = o(b,) means a,,/b,, - 0 asn — oo, while a.s. is stand for almost sure.
(AO) » Let{¢;, 1 <i <n}and{u;,1 <i < n} beindependent random variables satisfying
-Ee; =0, Ep; = 0, Epf = E7 > 0 is known.
- sup;E|€;|™t < oo, sup;E|p;|"? < oo for somer; > 8/3,1, > 4.
-{€;,1 <i<n}and{u;,1 < i< n}are independent of each other.

(Al) e Let{v;,1<i< n} in(1.2) bea sequence satisfying
-lim,Lon 1Y, v7 = 2o, lim,Lon P Y, 8;vF =2, (0 < 2y, Z; < o).
- limn_,oosupn(\/_logn) L max,| X7, v;,| < o, where {jy, j,...,j} is @ permutation of
(1,2,...,n).
- max, |v;| = 0(n*/?log™'n).
- max, |v;| = 0(n'/*).

(A2) » g(-) and h(-) are continuous functions satisfying the first-order Lipschitz condition on the close
interval [0,1].

(A3) » Let W,;;(¢;) (1,)) be weight functions defined on [0, 1] and satisfy
-maxq Yty §We(t) = 0(1)
-max; Yoy SWE It — t| > a-n~/*log™'n) = o(n"**log™'n) forany a > 0.
- Max; g j<n W, nj (t ) = O(n_l/zlc)g Tl)

(A4) « The probability weight functions W, ;(t;) (1 < i,j < n) are defined on [0,1] and satisfy
- MaX;cjcy Ny an(ti) =0(1).
- MaX;cien Xjey Waj (DI (It — tj] > a - n"*log™'n) = o(n~*log™'n), forany a > 0.
- Maxy g j1an W (t:) = o(n™/?log™'n).

Remark 2.1 Conditions (A0)-(A4) are standard regularity conditions and used commonly in the literature, see [8],
[9] and [10].

3. MAIN RESULTS

For model (1.1), we want to seek the estimators of 5. The most natural idea is to delete all the missing data. Thus, one
can get model 8;y; = 6;&;8 + 6;g(t;) + 8;¢;. If & can be observed, we can apply the least squares estimation(LSE)
method to estimate the parameter . If the parameter g is known, using the complete data {(6;y;, §;x;, 8;t;),1 < i <
n}, we can define the estimator of g(+) to be

n
g (6.8) = Z W (D8, — 856)
where WS (t) are weight functions satisfyin n the other hand, under this condition of the semi-parametric
here W;() ight f fyg(AS)Oh her hand, under this condition of th P

EV model, Liang et al. (1999) improved the LSE on the basis of the usual partially linear model, and employ the
estimator of parameter 8 to minimize the following formula:

SS(p) = Z 5:{lyc — % — Gty B — E4B%) = min!

Therefore, we can achieve the modlfled LSE of 8 as follow:
n
Be=1) (O - 8EDI Z 8,
i=1
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3.1)
where Xi = x; — Y=y §;Wy;(t)x;, ¥ = yi — Xj=1 ;W ()Y

Apparently, the estimators S, is formed without taking all sample information into consideration. Hence, in
order to make up for the missing data, we imply an imputation method from [7], and let

Ul = 8y + (1= 8D [xife + 5], (3.2)
Therefore, Using complete data {(Ui[’], x;, t;),1 < i < n}, similar to (3.1), one can get the other estimators for g,
B =Tk & —EDI IR, 20, (3.3)

where l7i[1] = Ul.“] = Xj=1 Wn,-(ti)U.[’], Xy = x; — Xi=q Whj(t)x;, Wy;(t) are weight functions satisfying (A4).
Based on the two estimators for 8, we take some notations which will be used and have the following results.

& =¢ - Z Wi (t)E, & =& — Z Wy (t:)¢), S5 = Z 864 RE = Z )2
=1 =1 i=1 i=1
Tk = Var() Si(ES + (e — 1) + Z2B1 Sty = D 6:(F — £, Din = S (1 - 88
i=1 i=1

It = Var{z 8i[(& + Dinéf) (i — wiB) + (1 + D) (i€ — (uf — EDR}

Theorem 3.1 Suppose that (A0)-(A4) are satisfied.
“1£32 > Cn for all n, then S2(B, — B)/,, — N(0,1)

Theorem 3.2 Suppose that (A0)-(A4) are satisfied.
- If32, > Cn forall n, then R2(3, — B)/E., —> N(0,1)

4. PRELIMINARY LEMMAS
In the sequel, let C, Cy, -+ be some finite positive constants, whose values are unimportant and may change. Now, we
introduce several lemmas, which will be used in the proof of the main results.

Lemma 4.1 (Baek ang Liang [12], Lemma 3.1) Leta > 2, e4, -, e, be independent random variables with Ee; =
0. Assume that {a,,;, 1} is a triangular array of numbers with max,<;<n|ay;| = 0(n™*/?) and ¥, a2; =
o(n"?/*log='n). If sup;E|e;|P < oo for some p > 2a/(a — 1). Then

Sy ane; =o(n" V%) as.

Lemma 4.2 (Hardle et al. [8], Lemma A.3) LetV;,---,V, be independent random variables with EV; = 0, finite
variances and sup;<;<n E|V;|" < C < oo (r > 2). Assume that {ay;, k, i = 1, ...,n} is a sequence of numbers such
that sup; < ksnlaki| = 0(n™P) for some 0 < p; < 1and ¥7_; a; = 0(nP?) for p,max(0,2/r — p,). Then
max| X, axVil = 0(m~logn) a.s. fors = (p; —pa)/2.
Lemma 4.3
(@) <Letd; = A(t) — X7y Wy (t)A(L), where A(-) = g(-) or h(:). Let AF = A(t;) —
Ty Wi (t)A(t;), where A(-) = g(-) or h(-). Then, (A0)-(A4) imply that max; <;<,|4;| = o(n™"/*) and
maxygicn| A7 = 0(n™/*).
(b) «(A0)-(Ad) imply that n™" XL, 7 = Zo, Xty 16| < Cin,n' B, 6;(6F)? ~ 2, and
i=1 1071 < Com. B
(€) * (A0), (A1)(i)(ii)(iii), (A2)-(A4) imply that max, |§;| = 0(n'/?log~'n) and
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max; icn|é| = O(n'/?log™'n).
(d) * (A0), (AD(D)(ED)(IV), (A2)-(Ad) imply that max, <, |§;| = O(n'/*) and max, |§f] = O (n'/*).

Lemma 4.4 Suppose that (A0)-(A4) are satisfied. Then one can deduce that
1
max|gn(t) — g(t)| = om #)as.

5. PROOF OF MAIN RESULTS
Firstly, we introduce some notations, which will be used in the proofs below.

n n
=y — Z 8iWy; (t)u;, f=p— Z Wh; (E)u;,
j=1 j=1

=9 = ) FW5ENIE)  Gi= 9t~ ) Was(tdg(ty,
j=1 j=1

n n
_Z 8 Wy (t)eE;, € =€ — Z W (t)€;, S3n = z (%7 — 22
j=1 j=1
Proof of Theorem 3.1. From (1), one can write that

Be— 5= saf{z (655 + RE)(EF — ASP) + B,Z3B) + z 85505+ ) BiiE gt
i=1

i=1

= SIP0 . SICEE + (e — wib) + EhB1+ ) 8E55¢ + Z 1556
i=1 =1

n n n n
+Z Z BSEWE (OB — Y Y Si8Wy(t)Efe; - Z Z 8.8 (tm e
=1 = i=1 j=1 i=1 j=
n n
=20 sWtome + zz Z 8.8 WS; (E)mans B
i=1 j=1 i=1 j=
n n n n n n
FD D SEEME W e — ). Y D B SW W (eomsmeB}
i=1 j=1 k=1 i=1 j=1 k=1
1= St X2 A (5.1)

Thus, to prove S2(B. — B)/Zn 3 N(0,1). By Lemma 4.1 - Lemma 4.3 and A(0), one can get S2,/S?2 251, so we
D
only need to verify that Y12, A,,,/%, = N(0,1).

P .
Step 1. We verify that 4,,/%, — 0for [ = 2,3,---,10 with £ . We only need to verify that 4;,, = o0, (n*/?) for | =
2,3,-++,10 . From the conditions of Theorem 3.1, Lemma 4.3, one can achieve that

|A2n|—|zafl |<4|26a |—|Zw +Zav1gl ZZM L

i=1 j=
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n m
< cnlgellRs] + maxz W (tmax| > vy, Imax|ge|
k=1

+Cn - mlax| gillo; |max|Z 21 vl = o(nZ) a.s.

E(Asn)? = E(Z BEG? < CEQY. 8igim)® +ELY. 8,55 Y 8Way(us]?)
i=1

i=1 j=1
<C () @+ 6 Wiy t)gfl) = o(n)
=1 =1 =1

which yields that A5, = o0, (n*/2). On the other hand,note that,

=ZZ (S EEWi (e OmsP
i=1 j=1

=Xy 8§ Xfy § Wi (s )ujﬁ + Xiz1 6ivi Xjoq SWo(t)u;B
n:l 61' Z? ns(t )6 Vs 6 WC (t )ﬂj.B
= Dip + Do + D3y

According to the condition that X2 ,We can achleve that

E(D,)? <C- E[Z 5; hcz SWE (tDw 12 < c-i E[Zn: SRES,WE, (t)]?

i=1

<Cn- Z SREWS (£)]? = o(n2)

(D) < C-ELY. 8w ) Wbl <C- Z Z SwiWS ()1’
i=1 j=1
< Cn - (maxi ¢, - maxlz v |2} = o(n)

n

Danl =1 &Z Was (63, vsz 8 Wy (e

i=1

1<isn

SC-maX|Z Vil - max|z O Whs(t)] - max|26 i (1
= o(nzlogn) -0(1)-o(n” 4) = 0(n4logn) = op(nz)

It follows that A,,, = 0,(n*/?). Similarly, one can achieve that
n n n

n
E(A)? <CELY > SWi(tomel* < ) > 6767 WO PEREe] = o(n2log~'n)
=1

i=1 j=1 i=1 j

E(Agy)? <C ‘E[Z Z 88, Wy; (t)pa; B1?

1l
[y
—.
1l
[y
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<cC- [Z Z 5 (EDE (ufuf) + Z Z Wi, (61, )W, (6, )E @2, 18)] = O(1)

i1=1 ip=

Which leads to that Ag,, = 0,(n'/?) Ag, = 0,(n'/?). Similarly, one achieve that Ay,, = o, (n*/?) for k = 5,7,9,10.
Therefore, we can get that A, /%, Soforl= 2,3,-++,10

Step 2. We verify that 4, /%, 3 N(0,1). According to (??), Step 1, we conclude that

Sln(ﬁc ﬁ) - Aln + Z Aln Z Nin + Op(1)

i=1
From the condition that £2, Lemma 4.3, taking r = mm{rl,rz/Z} > 2in (A0) and arbitrary n > 0,asn — oo, one can

verify that

n n
1 1 C 1 1
= Bl 1l >0 nD] <= Bl Il > 1+ 120y - 72) ¢

i=1
n
C N s 1
s Z (EI6:éfei|” + E|6:EmBI" + E|Siues|” + E|8;(uf — EDBI1(n - n2)~ 2
i=1

n
C - - r-2 _r-2
<3N @ maxlEinTE +GnT 2 = o(1),
n 4 1<isn
i=1

This means that Lindebergj~s Condition for the Central Limit Theorem is supportive. Denote that 7;,, = 6;[(§f +
u) (€ — wiB) + B, EMin) = 0

E(i) = ESEIES + m) (e — i) + EZBY?

< C-E{(§fe)” + GFmB)? + (e)® + (uf — ER?*?} < oo
Therefore, n;, is a dependent and random variables sequence with En;, = 0 and Var(X™, n;,) = £2. Thus, the
proof of Theorem 3.1 is completed.

Proof of Theorem 3.2. From (3.2) and (5.1), write that
n

n

St —B) = ) %[O - 581+ ) 4B

i=1 i=1

n n 10
= Z 8:[(&i + D5 (e; — wiB) + (1 + D) (e — (uf — EDP)] + Sizt Z (1—-6)¢& Z A,
=1 i=1 =2

=) (= )élg(e) - gicen] - Z(l somlg(t) - 35 ()]
i=1

—[iuiz Way (605 — 1) = (1 = 6)ZE6] - Z an,(tlw(e, )

i= j=

[y

Wo () (1 = 6 [g(t) — grn(t)]

Tl

1
FD &) W)= )lg () — Galed] + )

i=1  j=1 =1 j=1
Z &di + Z Higi — Z Z Wa (81 6:(€; — wiB)
+i zn: War (€)1 (1 — 6)[g (&) — gn(t)] + Zn: Zn: Wak (t; )llkz Whj(£:)6;(€i — 1)
i=1 k=1 i=1 k=1 ] 1
War (@t ) Waj(t) (1 —6)[g(t) — gn(td] — Wak (t) ik G
%2 om ), 1))
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+Z 1- Si)sgiz W ()€ (B — B) + Zl (1= 8)&ui (B — B)

=

+ ) A=)~ B+ Z (1= 89w = Z)Be = B)

=Y &) Wy (1 = 8B — ) - Z ulz Way (6 (1 = ) Be — B)
=1 j=1 =1 s
_Z ~iz Wn](t)(l 5)#1(ﬁc ﬁ) Z :ulz Wn](t )(1 5)#;(ﬁc ﬁ)
i=1  j=1 L 1 j
DD W1 = 65 (Be — ) - Z Z Wi (6 (1 = 81 CBe = )
n i=1 k=1 n Lnl k=1;k=#i n
=) Wt (1 = ) F = EDBe =) + ) D Wity Z Way (6 (1 = )% B = )
i=1 1:1 k=1

+zn:zn: nk(t)ukz Woj (t) (1 = 8)u;(Be — B)

i=1 k=1

=Z B+ Z Bin - (Be = ).
=1 =16

.S. ~ 1
Similar to the proof of Theorem 3.1, one can deduce that S, /R? 51 and B — B = 0,(n"2). According to the
A D
above, to prove RZ(B; — B)/Z1n — N(0,1), we only need to verify that By, = 0,(n/?) for I = 2,3,--,15, By, =

D
0,(n) for k = 16,17,---,28 and B,,,/%,, > N(0,1).
Step 1. We verify that B;, = o,(n*/?) for | = 2,3,+,15 and By,, = 0,,(1) for k = 16,17, ---,28. From the
proof of Theorem 3.1, we can get that B,,, = 0,(n'/?). According to the Lemmas 4.1-4.4, we deduce that,

Bonl = 1) (1= 8l + v = ) Wiy (ewyllg (e — g5l
i=1 j=1

<c. |Z(1—6)h[g(t) OIS |Z(1 6vilg(t) — 95l

€1 190t — G5 = 8) Y. Way(t)wy] = o(n2) as.
i=1 j=1
Beal < €1 (1= 8)ulg(t) — Ga(e)]l = O(nilogn) a.s.
E@Bs)? <C-EQY. 1) EWnye)3](e — )Y
j=1 i=1

<0 EW @8 ~ 1) = 0wlogn)

j=1 i=1
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n n
Bonl < C1) 11 ) Way(6)819(t) — G (6]
n n 1
=1 wWyy ()l ) 19(t) = Gi(t)] = o(n2) a.s.
i=1 Jj=1
n 1 n n 1
Bonl SC1Y &l = Cn21 ) (htvi= ) Way(t)G)] = o(n2)as.
i=1 i=1 j=1
" 1
EBign)® <C -E(Z WGt = C- ) Eudgt = o(nd)
i=1

i=1

E(Bun)? <C-E[ Z Wi (60 (€1 = ki)

~

E[i Z Z Z Wy i) Wk, (83, D, i 8,4, (€2, = 1 B) (e, = iy )]

i1=1 iz=1 kq=1 kp=1

< Cz 82E(e; — wif)? Z W2 (t)E (ue)?
i=1 k=1
+C Z Wnl (t )611E(ﬂz1)E(611 ﬂz1ﬁ) Z Wm (tlz)6le(Mlz)E(elz Mlzﬁ)

1
= o(nzlog™'n)

Wk (OGP < € ) 1) W65 E (e’

1 k=1 i=1

NgE

EBisn)? < C-E[Y.

i=1

=
1l

Z 0 g7) = o(n2)

k=1
In the same way, we can verify that B;, = o0, (n* /2y forl = 6,7,+--,16 and By, = 0,(1) fork =17,---,28.

Step 2. We verify that By, /X, 3 N(0,1). Let Biy = Xiy ¥in, Where vy = 8;[(§; + Dinéd) (e — i) + (1 +
D) (i€ — (u? —EMB)]. As a result, y;, is a dependent and random variables sequence with Ey;, = 0 and
Var(X™, vin) = £%,. Meanwhile, we can deduce that |Y%, &|=om**), [T, v;| =0nY?logn),
| 271 Wy (t:)€;] = 0(1) and Dy, = o(1) by the A(0)-A(4). From the condition that X7, Lemma 4.3, taking r =
min{ry, r,/2} > 2 in (AO) and arbitrary y > 0, as n — oo, one can verify that

Vi

Il
=

1
S BB 1yl >y ond)] < ZEM 1Yl >y nD)(y -2 ¢

i i=1

:Iﬁ

n
- - 1 e
Z [E16:(& + Dinéf)(ei — wiP)I" + E|8ipi€;|” + E|6;(uf — EDI"B"](y - n2)"~2

i=1

~
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<

SO

: Z [E|6:&i€:" + E16:;&m:PI" + E18:67ei|” + E|8:EF wPI™ + E|8;1:€:|"

i=1
1
+E|8;(uf —EDI"B"I(y - n2)="?

r—2 r—2

n n
<E E (§)?max || ?n" 2 +% E (5?)2max|f?|r‘2n_r;2 +C3n" 2 =o0(1).
_n,1 Y oasisn't n & Y oasisn !

= i=

The Lindeberg Condition is workable. Therefore, one can get B;, /21, 3 N(0,1). Thus, the proof of Theorem 3.2
is completed.
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