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ABSTRACT 

In this paper we suggest different algebraic approaches to analyze the solution structure (or solution manifold) of a 

nonlinear singular parabolic partial differential equation (nPDE) importantly in applications of theoretical economics. 

The crucial step is the fact that the solution manifold of a general nPDE under consideration can be expressed in terms 

of special functions which are solutions of a specific (nonlinear) first-order ordinary differential equation (nODE), 

e.g. the Riccati equation. By using algebraic methods derived by the author we further show how one can augment 

the solution manifold in order to get different classes of solutions. Then we analyze and interpret (if possible) the 

meaning of these solutions. 
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1. Introduction 

In this paper we deal with the following nPDE (and its variations) 

                                             
𝜕𝑢

𝜕𝑡
=

𝜕

𝜕𝑥
{

𝜕𝑢

𝜕𝑥
(1 +

1

𝑢2) − 𝑢2}                                                           (1) 

looking for the unknown function 𝑢 = 𝑢(𝑥, 𝑡) in (𝑥, 𝑡) ∈ Ω𝑇 ≔ 𝑅+ × (0, 𝑇), where 𝑇 > 0 and 𝑅+ = {0, 𝑇}. In this 

context the unknown function 𝑢 = 𝑢(𝑥, 𝑡) is related to the Arrow-Pratt coefficient of absolute risk aversion for the 

optimal value function [1]. We assume that the function 𝑢 = 𝑢(𝑥, 𝑡) is positive and non-increasing. The eq.(1) 

undertakes the following conditions: 𝑢 ≥ 0,  
𝜕𝑢

𝜕𝑥
(0, 𝑡) = 0 and 𝑢(𝑥, 𝑡) → 𝛼 as 𝑥 → ∞ , where 𝛼 is a non-negative 

constant. The  above given problem is related by the initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) upon 𝑥 ∈ 𝑅+, where the non-

increasing initial value 𝑢0 belongs to 𝐻1(𝑅+). The authors in [2] solved the eq.(1) in a weak sense. In the following 

we show how one can get different classes of solutions by using algebraic methods.  

Note: We arrange to suppress the item ‘classes of solutions’ although this is the correct term; so we just mean solutions 

instead of classes of solutions. A further remark may be useful: There are several views in literature relating to the 

order of the time derivative; nPDEs of the form 𝑢𝑡,𝑡 = 𝐾[𝑢𝑥, 𝑢𝑥𝑥 , … ]  with similar higher-order mixed time derivations 

are also called evolution equations (EVEs). 

 

2. Some general notes 

Although the origin of nPDEs (in the general form of an EVE  

𝑢𝑡 = 𝐾[𝑢, 𝑢𝑥, 𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑥𝑡 , … . ] where 𝐾[𝑢] means a nonlinear operator in general and the function 𝑢 = 𝑢(𝑥, 𝑡) is 

sought) is very old, they have undergone remarkable new developments during the last half of the 20th century. One 

of the main impulses for developing nPDEs have been the study of nonlinear wave propagation problems (e.g. the 

Dutch Korteweg and de Vries in 1834 and the French Boussinesq). We stress, since a general theory does not exist, 

alternative methods are indispensable (on the contrary in the linear case one can make use of Fourier-, Green- and 

Laplacian transformations) for deriving solutions.  

Also, as an essential statement we stress that nature is nonlinear a priori (e.g. gravitational fields, heat and/or diffusion 

propagation, magnetic fields, nonlinear chemical reactor and many others – linearization considerably simplifies the 

problem). These problems arise in different areas of applied mathematics, physics, and engineering sciences including 

fluid dynamics [3], nonlinear optics [4], solid state mechanics [5], plasma physics [6], astrophysics [7], biological 

sciences relating to the Davydov soliton [8] and medical sciences [9], [10] or physical chemistry [11] to mention some 

examples of practical interest.  

Pure mathematics like geometry [12], differential geometry including curved surfaces [13] are also related to nPDEs 

(maybe of higher order than two). 

However, as mentioned above, in contrast with linear wave theory, one is confronted here with a large variety of 

‘sophisticated methods’. The most used methods are the tanh-approach [14], the mixing exponential method [15] and 

https://de.wikipedia.org/wiki/Boussinesq
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the Weierstraß transform method [16] and [17] to mention some of them. More analytical solutions can be found in 

[18], [19] and [20].  

A purely algebraic approach, the HBM (the Homogeneous Balance Method) [21], and their improvements can be 

found in [22] and [23].  

A method using series of pure sine and cosine functions [24] as well as the method of the Jacobian elliptic functions 

(and also the Weierstraß elliptic function – the ℘-function), e.g. [25], [26], [27], [28] and [29] are also useful to 

generate solutions. 

It is worth to mention further standard methods for obtaining solutions, e.g. the Hirota’s bilinear method [30], the 

inverse scattering transform IST [31], a modified Sine(h)-Gordon-Method, [32], the Painlevé expansion [33], the Lie 

group analysis (LGA) used by the author [34] and [35] - classical as well as non-classical LGA were used successfully. 

Another approach derived by the author can be found in [36]. All these methods are suitable to get a deeper insight 

into the solution manifold of nPDEs, e.g. [37], [38], [39], [40], [41] and [42].  

They are the only tool for creating solutions in an easy way and they deliver exact results in reasonable time and 

computational effort. In some cases however the order, respectively the kind of the nonlinearity causes troubles and 

moreover, cases in which algebraic methods fail, are known (in such cases the only successful way is to use standard 

numerical methods or simply some series expansions in the form of Taylor and/or Laurent).  

For further reading ‘classical ansatz-methods’ are discussed intensively in [43], [44] and [45].  

Similarity reductions dealing with Lie symmetries and invariant properties are also appropriate to calculate solutions 

as shown by the author’s recent papers, e.g. [34], [35], [36] and [37]. 

Difficulties will be explained later but due to the experiences of the author one can say that such algebraic methods 

work well in the most cases. They represent the only rational way to generate solutions of nPDEs as well as the relating 

nODEs (especially in cases of higher order). 

 

3. Basics  

For the following we agree: The first calculation is given in detail; after that we only give the ‘ansatz’ as well as the 

result. 

 

Note: There is no exact translation for the German word ‘ansatz’ (sing.) and ‘ansätze’ (plur.) - a starting point is 

meant. 

Consider a nPDE in its two independent variables 𝑥 and 𝑡, which describes the dynamical evolution of a wave form, 

𝑢(𝑥, 𝑡), :u R→   in the domain 
dR , 2d  and time t , so that the mapping: 
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                                   (2)  

for RRu → +: , 
+R Rt= { }0: t , 

dR  holds. The extension to an arbitrary number of 

independent variables should not be difficult. Firstly the nPDE, eq.(2) is converted (the travelling-wave reduction or 

equivalently a similarity transformation) into a nODE by using a frame of reference, 𝑢(𝑥, 𝑡) → 𝑓(𝜉) and 𝜆 is a constant 

to be determined later (in general wave theory or soliton propagation 𝜆 means the velocity). Thus one has 

                                         𝑄 (𝑓(𝜉), 𝑓′(𝜉), … . . , 𝑓(𝑛−1)(𝜉), 𝑓𝑛(𝜉)) = 0 ,                                   (3) 

where the prime denotes differentiation w.r.t. 𝜉. 𝑓(𝜉) represents a localized wave solution and exemplifies a stationary 

wave with characteristic width  𝐿 = 𝜆−1. The nODE, eq.(3) is integrated as long as all terms contain derivatives. 

Further the associated constants of integration can be set to zero in view of the localized solutions we seek. This is a 

necessary (but not sufficient) condition that  𝑓(𝜉) tends to zero as 𝜉 ⟶ ±∞. 

 

Note: This is important if we are interested in solitary solutions as the meaning as a solitary boundary condition. In 

general one may not omit or set it equal to zero as it happens in some papers. This is only allowed in context of soliton 

theory. For further generalization it may be useful to introduce a constant 𝛼 such that 𝜉 = 𝛼 𝑥 − 𝜆 𝑡 holds.  

The next step is that the solution can be expressed in terms of the following series representation by using an auxiliary 

variable 𝑤 = 𝑤(𝜉) such that the function 𝑢(𝑥, 𝑡) = 𝑓(𝜉) can be represented in terms of a series like 

                                                   𝑢(𝑥, 𝑡) = 𝑓(𝜉) = ∑ 𝑎𝑖𝑤
𝑖(𝜉)𝑛

𝑖=0                                                    (4) 

in which the coefficients 𝑎𝑖 will be calculated as solutions of a (in general) nonlinear algebraic system of polynomial 

equations. The parameter ‘n’ in eq.(4) is found by balancing the highest derivative with the nonlinear terms in the 

reduced nODE, eq.(3). This parameter must be a positive integer since it represents the number of terms in the series 

eq.(4).  
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Note: In the case of fractions one can take transformations as shown in [46]. In this study the nonlinear heat conduction 

equation was analyzed leading to the case 𝑛 = −1. 

Next, one assumes that the function 𝑤(𝜉) satisfies a Riccati equation with the constant 𝑘 as 

                                                       
𝑑𝑤

𝑑𝜉
= 𝑤′ = 𝑘(1 ± 𝑤2).                                                     (5)                                         

Substituting (2) and (3) in the relevant nODE will yield a system of nonlinear polynomial equations with respect to 

𝑎0, 𝑎1, …. , 𝑘, 𝛼 and 𝜆. Special solutions of (5) are expressed as 

                                     𝑤(𝜉) = tanh (𝑘𝜉)     and/or    𝑤(𝜉) = coth (𝑘𝜉) .                              (6) 

𝑤(𝜉) can also be taken as 𝑤(𝜉) =
𝑒2𝑘𝜉+𝑒2𝑐1

𝑒2𝑘𝜉−𝑒2𝑐1
  or with some simplifications as 𝑤(𝜉) = coth (𝑘𝜉 − 𝑐1), where 𝑐1 means 

an arbitrary constant. Another possible representation of 𝑤(𝜉) is the form 𝑤(𝜉) = 1/(1 + 𝑒𝑘𝜉), but using this method, 

only tanh-type solutions can be obtained. 

For enlarging the set of solutions, Riccati’s equation can be used in the form  

                                                      𝑤′(𝜉) = 1 + 𝑤(𝜉)2 ,                                                           (7) 

 

with the prime denoting differentiation w.r.t. 𝜉 once again. The solutions depend upon the sign of  𝑘 leading to 

solutions given in [38]. Instead of 𝜉 one can also set (𝜉 − 𝜉0)  with arbitrary chosen  𝜉0 . Thus by using different 

nODEs one is able to enlarge the solution manifold. 

 

4. Intermediate results  

First, the following knowledge is important: By reduction of the nPDE eq.(1), the nonlinear algebraic polynomial 

equations does not yield a nontrivial solution,  

so the nPDE eq.(1) cannot be solved and the hyperbolic tangent method fails (we got 𝑎0 = 𝑎1 = 𝑘 = 𝜆 = 0). The 

next attempt was to use a generalization of the ‘ansatz’ (4) in the form 𝑢(𝑥, 𝑡) → 𝑓(𝜉) = 𝑎0 + 𝑎1𝑣(𝜉) + 𝑎2𝑣(𝜉)2 +
𝑏0

𝑣(𝜉)
+ 𝑏1 + 𝑏2𝑣(𝜉) and using the nODE eq.(5). This also did not show success. Of course it could have happened that 

the parameter ‘n’ in the series eq.(4) disappears, but that did not happen in this case. Other nODEs did also not provide 

any meaningful solutions e.g. 𝑣′ = 𝑎𝑣(𝜉) + 𝑏𝑣(𝜉)2 + 𝑐𝑣(𝜉)3 (an Abelian-like equation). 

Thus, following [2] by performing the transformation 𝑢(𝑥, 𝑡) → 𝑢 + 𝛼, 𝛼 ∈ ℝ+ \ {0}, a further nPDE results: 

                                             
𝜕𝑢

𝜕𝑡
=

𝜕

𝜕𝑥
{

𝜕𝑢

𝜕𝑥
(1 +

1

(𝑢+𝛼)2) − (𝑢 + 𝛼)2}                                          (8) 

considering the (initial) conditions for the function 𝑢(𝑥, 𝑡):  
𝜕𝑢

𝜕𝑥
(0, 𝑡) = 0,  

 
𝜕𝑢

𝜕𝑥
(𝑥, 𝑡) ≤ 0 for (𝑥, 𝑡) ∈ Ω𝑇  and 𝑢 → 0 as 𝑥 → ∞ for 0 < 𝑡 < 𝑇 and 𝑢(𝑥, 0) = 𝑢0(𝑥) − 𝑎 for 𝑥 ∈ ℝ+. Multiplying 

out eq.(8) and applying the travelling wave reduction in the form 𝑢(𝑥, 𝑡) → 𝑓(𝜉) = 𝑥 − 𝜆 𝑡 the following nODE 

results (the nODE consists of 16 nonlinear terms; for control purposes we write down the first and last terms): 

                       𝑓3𝑓′′ + 3 𝛼𝑓2𝑓′′ + 3 𝛼2𝑓𝑓′′ + ⋯ + 3𝛼2 𝜆𝑓𝑓′ + 𝛼3 𝜆𝑓′ = 0,                          (9) 

for the function 𝑓 = 𝑓(𝜉). The balancing procedure yields 𝑛 = 1, so the linear ansatz 𝑓(𝜉) = 𝑎0 + 𝑎1𝑤 is of 

advantage. As a nODE we used a Riccati equation like  𝑤′ = 𝑘(1 − 𝑤2). 

This yields a nonlinear algebraic system of polynomial equations consisting of seven equations with four unknowns 

and thus we got two solutions as  

         *)   𝛼 = 1

2
(𝜆+2𝑎0),  𝑎1, 𝑘 arbitrary,  and 

       **)   𝛼 = −𝑎0,   𝑎1, 𝑘, 𝜆 arbitrary.                                                                                    (10) 

A further calculation, using a hyperbolic angular series in the form 𝑓(𝜉) = 𝑎0 + ∑ (𝑎𝑖𝑐𝑜𝑠ℎ𝑤 + 𝑏0𝑠𝑖𝑛ℎ𝑤)𝑠𝑖𝑛ℎ𝑤𝑖−1𝑛
𝑖=1  

yields, for 𝑛 = 1, the linear ansatz 𝑓(𝜉) = 𝑎0 + 𝑎1𝑐𝑜𝑠ℎ𝑤 + 𝑏1𝑠𝑖𝑛ℎ𝑤. For the nODE we used 𝑤′ = 𝑠𝑖𝑛ℎ𝑤. Inserting 

this we also found a nontrivial solution of the nonlinear system of polynomial equations (11 equations for 5 unknowns, 

say 𝑎0, 𝑎1, 𝑏1, 𝛼, 𝜆): 

       *)   𝛼 = 𝑖 − 𝑎0  with condition 𝛼 + 𝑎0 ≠ 0 and 𝑎1, 𝑏1, 𝜆 arbitrary, 𝑖 is the imaginary unit 

     **)   𝜆 = (𝛼 + 𝑎0),  𝑎1, 𝑏1 arbitrary.                                                                                  (11) 

 

Note: One try, using the linear ansatz and as a nODE of the first order 𝑤′(𝜉) = (𝐴𝑤 − 𝑎)(𝐵𝑤 − 𝑏) only leads the 

trivial solution. Moreover, applying the Jacobian method, say 𝑓(𝜉) = ∑ 𝑠𝑛𝑖−1(𝜉)𝑛
𝑖=1  and as the nODE 𝑤′(𝜉) =

𝑑. 𝑠𝑛(𝑤, 𝑘) fails – here also the trivial solution results. As a further remarkable note we assume the following:  

In [2] the solution set of the eq.[8] is assumed for 𝑥 ∈ ℝ+. For enlarging the solution manifold we assume 𝑥 ∈ ℝ± and 

moreover, since 𝛼 = 𝑖 − 𝑎0, with the imaginary unit 𝑥 ∈ ℂ ! 

 

Next we deal with the following nPDE [2] looking for the unknown function 𝑢(𝑥, 𝑡)𝜖𝐸𝐿  
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𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2 (1 +
1

(𝑠+𝛼)2) −
2

(𝑠+𝛼)3 (
𝜕𝑢

𝜕𝑥
)

2

− 2(𝑢 + 𝛼)
𝜕𝑢

𝜕𝑥
  ,                         (12) 

in (𝑥, 𝑡)𝜖Ω𝑇
𝐿  with 𝑠𝜖𝐸𝐿 and 𝐸𝐿  (a convex set) defined in [2]. This equation can be derived from the eq.(1) after some 

transformations. 

 

Note: A standard theory of PDEs tells us that an a-priori bound of 𝑢 and 𝜕𝑢 𝜕𝑥⁄  ensures the existence of solutions 

e.g. [47]. However, it must be checked exactly in every case whether this is also applicable for nonlinear equations. 

For the given nPDE, the eq.(1), this will be examined in detail in a next study. 

After some transformations, the ‘plane wave ansatz’ 𝑢(𝑥, 𝑡) → 𝑓(𝜉) = 𝑥 − 𝜆𝑡 is done. Introducing a new dependent 

variable by 𝑝(𝜉), since 𝑛 = −1 and 𝑓(𝜉) = 𝑝(𝜉)−1 a new nODE for the function 𝑝(𝜉) results: 

    2(𝛼 + 𝑠)3𝑝𝑝′ + 2𝛼(𝛼 + 𝑠)3𝑝2𝑝′ − 𝜆(𝛼 + 𝑠)3𝑝2𝑝′ − 2𝑝′2
+ 2(𝛼 + 𝑠)3𝑝′2

𝑝 + 

    +2(𝑎 + 𝑠)𝑝′2𝑝 − (𝛼 + 𝑠)3𝑝2𝑝′′ − (𝛼 + 𝑠)𝑝2𝑝′′= 0.                                                          (13) 

Here, for the nODE eq.(13) the unusual case  𝑛 = 0  appears by balancing, so that the application of the previous 

solution methods is not possible. It is best to try a (Taylor) series solution around 𝜉 = 0 resulting in  

     𝑝(𝜉) = 1 + 𝜉 + 𝑎2𝜉2 +
1

6
𝜉3(4𝑎2

2 + 2𝑎2 − 1) +
1

24
𝜉4(18𝑎2 + 32𝑎2

2 + 8𝑎2
3 − 

              −8𝑎2(2𝑎2 + 3) − 1) + ⋯ ℴ[𝜉]5,                                                                               (14) 

with special values for 𝑎0 = 𝑎1 = 1 and 𝑎2 arbitrary but unequal zero. 

Next, a further nPDE resulting from some transformations as shown in [2] is 

                                                      
𝜕𝑢

𝜕𝑡
−

𝜕2𝑢

𝜕𝑥2 +
(

𝜕𝑢

𝜕𝑥
)

2

𝜕2𝑢

𝜕𝑥2

= 0,                                                        (15) 

looking for the unknown function 𝑢 = 𝑢(𝑥, 𝑡) whereby the second derivative may not vanish. 

Using the ‘plane wave ansatz’ by 𝑢(𝑥, 𝑡) → 𝑓(𝜉) = 𝑥 − 𝜆𝑡, yielding the nODE 

𝜆𝑓′𝑓′′ + 𝑓′′2 − 𝑓′2
= 0, once again looking for the unknown function 𝑓(𝜉). 

Again, the already occurring several times effect occurs that the balancing parameter disappears, that is 𝑛 = 0, so that 

the balancing procedure fails (more exactly balancing the above given nODE yields 𝑛 = −1, thus we used the linear 

ansatz 𝑓(𝜉) = 𝑝(𝜉)−1 for the new function 𝑝(𝜉). The nODE for this function (only the first and the last terms) is 

𝑝2𝑝′′2 − ⋯ . −𝑝2𝑝′2
= 0. Balancing this nODE we see that the parameter remains undetermined. 

Note: It is noteworthy that the nPDE, eq.(1) and its variants very often show this result of balancing, namely that the 

parameter ‘n’ disappears or remains indeterminate – we cannot explain this ‘unusual’ behavior at this time. 

But an easy solution can be obtained by the following procedure: A transformation 𝑓′(𝜉) = 𝑤(𝜉) yields a nODE for 

the function 𝑤(𝜉) in the form  

                                                  𝜆𝑤𝑤′ + 𝑤′2 − 𝑤2 = 0 ,                                                         (16) 

which is integrated exactly at once by 

                                            𝑤(𝜉) = 𝑒𝑥𝑝 [
1

2
(−𝜆 ± √4 + 𝜆2) 𝜉] .                                           (16.a) 

To find the function 𝑓(𝜉) one has to integrate the expression (16.a) resulting in 

                                      𝑓(𝜉) = ∫ 𝑤(𝜉)𝑑𝜉 = ±
2𝑒𝑥𝑝[−

1

2
(𝜆+√4+𝜆2) 𝜉]

−𝜆+√4+𝜆2
 .                                     (16.b) 

As a last nPDE we analyze the following [2]: 

𝜕2𝑢

𝜕𝑥𝜕𝑡
− (1 +

1

(𝑠 + 𝑎)2
)

𝜕3𝑢

𝜕𝑥3
−

2

(𝑠 + 𝑎)3
(

𝜕2𝑢

𝜕𝑥2
+ 2

𝜕𝑢

𝜕𝑥
)

𝜕2𝑢

𝜕𝑥2
− 2(𝑢 + 𝑎)

𝜕2𝑢

𝜕𝑥2
− 

           −2 (−
3

(𝑠+𝑎)3

𝜕2𝑢

𝜕𝑥2 + 1) (
𝜕𝑢

𝜕𝑥
)

2

= 0,  looking for the function 𝑢 = 𝑢(𝑥, 𝑡).                    (17) 

Using the ‘plane wave ansatz’ 𝑢(𝑥, 𝑡) → 𝑓(𝜉) = 𝑥 − 𝜆𝑡 once again, one has to handle the following highly nODE of 

the third order for the function 𝑓(𝜉): 

(1 +
1

(𝑠 + 𝑎)2
) 𝑓′′′ + 𝜆𝑓′′ +

2

(𝑠 + 𝑎)3
(𝑓′′ + 2𝑓′)𝑓′′ + 2(𝑓 + 𝑎)𝑓′′ + 

                  +2 (−
3

(𝑠+𝑎)3 𝑓′′ + 1) 𝑓′2 = 0,                                                                               (18) 

where 𝑠 and 𝛼 are some constants.  

The next step is to apply the balancing procedure leading to the value of the balancing parameter 𝑛 = 1, thus the linear 

ansatz of the form 𝑓(𝜉) = 𝑎0 + 𝑎1𝑣(𝜉) is suitable. For the underlying nODE we used a Riccati-Equation in the form 

𝑣′(𝜉) = 𝑘(1 − 𝑣(𝜉)2).  

Performing the steps given above we have seven polynomial equations in total with four unknowns. But here another 

surprise appears: The solution of the algebraic system of polynomial equations admits only the trivial solution, that is 



IJRRAS 40 (1) ● July 2019 Huber ● Singular Parabolic Partial Differential Equation 

 

 
 

25 

 

in detail 𝑎1 = 𝑘 = 0. And further that means that the application of the hyperbolic tangent method fails and we have 

to look for alternative ‘ansätze’ to handle the eq.(18). 

Next, trying to solve the eq.(18), we used ‘ansätze’ containing Lambert functions as well as an improved exponential 

series, but both of the methods fail since the set of polynomial equations admits only trivial solutions. 

A successful way was given by the following: For the function 𝑓(𝜉) we used the ‘ansatz’ 𝑓(𝜉) =
∑ 𝑎𝑖𝑣

𝑖(𝜉) + ∑ 𝑏𝑖𝑣𝑖−1(𝜉)1
𝑖=0

1
𝑖=0 , and this gives for the case 𝑛 = 1 the linear form 

𝑓(𝜉) = 𝑎0 + 𝑎1𝑣(𝜉) +
𝑏0

𝑣(𝜉)
+ 𝑏1 . For the nODE we used an Abelian-like equation in the form 𝑣′(𝜉) = 𝐴0 +

𝐴1𝑣(𝜉) + 𝐴2𝑣2(𝜉) + 𝐴3𝑣3(𝜉). In total we have 17 nonlinear polynomial equations for 9 unknowns, that are 

𝑎0, 𝑎1, … . . , 𝐴0, … . . , 𝜆. The solution manifold consists of 13 solutions whereby only one of them is suitable, that is in 

detail: 

  *)   𝐴0 = 𝐴1 = 𝐴3 = 0, 𝐴2 arbitrary, 𝑎1 = 0, 𝑎0 ,𝑏1, 𝑏0, 𝜆 arbitrary and 𝐴2𝑏0 ≠ 0.              (19) 

 

5. Function analysis – discussion of the function’s behavior 

We start with the solutions for the coefficients in eq.(10). These solutions are given – after introducing the coefficients 

from above by 

𝑓1(𝜉) =
1

2
(2𝑎 − 𝜆) + 𝑎1 (

𝑒2𝑘𝜉−𝑒2𝑐1

𝑒2𝑘𝜉+𝑒2𝑐1
) ,  with 𝑎, 𝜆, 𝑐1, 𝑘, 𝑎1 arbitrary and 𝑒2𝑘𝜉 + 𝑒2𝑐1 ≠ 0,     (20) 

 𝑓2(𝜉) = −𝑎 + 𝑎1 (
𝑒2𝑘𝜉−𝑒2𝑐1

𝑒2𝑘𝜉+𝑒2𝑐1
) , with 𝑎, 𝜆, 𝑐1, 𝑘, 𝑎1 arbitrary and 𝑒2𝑘𝜉 + 𝑒2𝑐1 ≠ 0.                 (20.a) 

A graphical overview of both functions is given by the Fig.1 and Fig.2., also a three-dimensional plot of these functions 

is seen. 

Using the coefficients given in eq.(11) we have an imaginary solution: 

   𝑓3(𝜉) = (𝑖 − 𝑎) + 𝑎1𝑐𝑜𝑠ℎ[2𝑎𝑟𝑐𝑡𝑎𝑛ℎ[𝑒𝑐1+𝑥]] + 𝑏1𝑠𝑖𝑛ℎ[2𝑎𝑟𝑐𝑡𝑎𝑛ℎ[𝑒𝑐1+𝑥]] .                 (20.b) 

For the second solution we have a real-valued expression (with a real-valued pre-factor): 

   𝑓4(𝜉) = (𝜆 − 𝑎) + 𝑎1𝑐𝑜𝑠ℎ[2𝑎𝑟𝑐𝑡𝑎𝑛ℎ[𝑒𝑐1+𝑥]] + 𝑏1𝑠𝑖𝑛ℎ[2𝑎𝑟𝑐𝑡𝑎𝑛ℎ[𝑒𝑐1+𝑥]] .                (20.c) 

Both functions are plotted and can be seen in the Fig.3 and Fig.4. 

To examine the function 𝑓5(𝜉) given by the coefficients of eq.(19) we have the explicit representation: 

                                         𝑓5(𝜉) = 𝑎0 − 𝑏0(𝐴2𝜉 + 𝑐1) + 𝑏1,                                               (20.d) 

with arbitrary chosen values for the coefficients 𝑎0, 𝑏0,𝑏1, 𝐴2 and 𝑐1 whereby this function is seen in the Fig.5. 

 

5.a Some series representations 

For practical calculations we write down some series with lower order (for all functions we used special values, e.g. 

𝑐1 = 𝑎1 = 𝑎 = 𝑘 = 𝜆 = 1): 

                               𝑓1(𝜉) ≈
3−𝑒2

2(1+𝑒2)
+

4𝑒2𝜉

(1+𝑒2)2 +
4(𝑒4−𝑒2)𝜉2

(1+𝑒2)3 + 𝑂[𝜉]3,                                       (21) 

                              𝑓2(𝜉) ≈ −
2𝑒2

(1+𝑒2)
+

4 𝑒2𝜉

(1+𝑒2)2 +
4(𝑒4−𝑒2)𝜉2

(1+𝑒2)3 + 𝑂[𝜉]3,                                   (21.a) 

and for the complex-valued function (20.b) we derive a series of the form ~(𝑎 − 𝑏𝑖) with special values of the 

parameters 𝑐1 = 0,  𝑎1 = 𝑎 = 𝑘 = 𝜆 = 1: 

𝑓3(𝜉) ≈ (𝑖 − 1) + cos [(𝜋 + 𝑖𝑙𝑛2 − 𝑖𝑙𝑛𝜉 + 𝑂[𝜉]2) − 𝑖sin [(𝜋 + 𝑖𝑙𝑛2 − 𝑖𝑙𝑛𝜉 + 𝑂[𝜉]2).  (21.b) 

The radii of convergence should be determined separately. A same expression can be derived for the function 𝑓4(𝜉).  

We explicitly have 

          𝑓4(𝜉) = (𝜆 − 𝑎) + 𝑎1𝑐𝑜𝑠ℎ[2 𝑎𝑟𝑐𝑡𝑎𝑛ℎ[𝑒𝑥+𝑐1] + 𝑏1𝑠𝑖𝑛ℎ[2 𝑎𝑟𝑐𝑡𝑎𝑛ℎ[𝑒𝑥+𝑐1].           (21.c) 

This expression can be converted into pure exponential terms by 

                                                 𝑓4(𝜉) = 1 +
1

1+𝑒𝑥 +
𝑒𝑥

1−𝑒𝑥 ,                                                     (21.d) 

where we have used special values by 𝜆 = 2, 𝑎 = 1, 𝑎1 = 𝑏1 = 1 and 𝑐1 = 0. For this real-valued function we have 

                                                  𝑓4(𝜉) ≈ 1 −
2

𝜉
−

𝜉

6
+ 𝑂[𝜉]2.                                                  (21.e) 

Finally, for the last function we have 

                                        𝑓5(𝜉) ≈ (𝑎0 + 𝑏1 − 𝑐1𝑏0) − 𝐴2𝑏0𝜉 + 𝑂[𝜉]3.                               (21.f)                                   

 

5.b Some Limit behavior 

Here, for practical computations, we give values either for 𝜉 → 0 and 𝜉 → ∞, they are explicitly 

                       lim
𝜉→0

𝑓1(𝜉) =
3−𝑒2

2+2𝑒2 ≈ −0,26,          lim
𝜉→∞

𝑓1(𝜉) =
3

2
 , 

                       lim
𝜉→0

𝑓2(𝜉) = −
2𝑒2

1+𝑒2 ≈ −1,76 ,       lim
𝜉→∞

𝑓2(𝜉) = ∞ , 
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                       lim
𝜉→0

𝑓3(𝜉) = (−3 + 𝑖) ,                  lim
𝜉→∞

𝑓3(𝜉) = (−2 + 𝑖) , 

                       lim
𝜉→0

𝑓4(𝜉) = −∞ ,                           lim
𝜉→∞

𝑓4(𝜉) = 0 , 

                       lim
𝜉→0

𝑓5(𝜉) = 1 ,                               lim
𝜉→∞

𝑓5(𝜉) = −∞ ,                                     (22) 

where ‘i’ means the imaginary unit. 

 

5.c Asymptotic Stability 

 

Theorem: The kink solutions (21) and (21.a) are stable asymptotically. 

 

Proof: The asymptotical stability of the solutions eq.(21) and eq.(21.a) can be shown by perturbation analysis. We 

show this only for the function 𝑓1(𝜉): 

Introduce tcxr −=  into (21) and assume a perturbed solution as )t,r(v)c,r(u)t,r(u +=                                                                

where the second term represents a small perturbation with 𝜀 as a perturbation parameter. 

One says that a solution )t,r(u  is stable if either 0)t,r(vlim
t

=
→

 or )c,r(v)t,r(vlim r
t

=
−→

.  

Put 
te)r(f)t,r(v −=  and let   be an eigenvalue to derive an eigenvalue problem for )r(f .  

From the standard results on eigenvalue problems one can conclude that all eigenvalues are real and positive and 

hence all perturbations of the solutions have a finite extent decay exponentially 

in time for →t  in this case. Therefore the kink solutions (21) and (21.a) are asymptotically stable . 

Note: Take a look to the function f4(ξ), eq.(21.c): In view of heat transport theory, linear combinations of hyperbolic 

functions allow one to interpret this classes of solutions as a damped motion without heat sources independently of 

the choice of the parameter values. Further take a look to the solution eq.(20). We explicitly have, since 𝜆 = 1: 

                                                          f1(ξ) = 𝑢1(𝑥, 𝑡) = (
𝑒2(𝑥−𝑡)−𝑒2

𝑒2(𝑥−𝑡)+𝑒2) +
1

2
 .                                                             (23) 

The function is bounded and does not vanish as 𝑡 → ∞ which can be seen from (22). Such classes of functions are 

suitable to describe the decay of temperature curves by considering suitable boundary conditions. A similar behavior 

can be expected from the solution eq.(21.a) 

 

6. Summary, open problems, future intensions 

In this paper, new classes of solutions of a (2+1) nonlinear evolution equation of the second order by using direct 

algebraic approaches could derive. The nPDE under consideration takes place in theoretical economic studies. 

It is well known that classes of solutions of nonlinear evolution equations can be expressed as finite series in terms of 

special functions, e.g. tanh-functions, Weierstrass and Jacobian functions. 

All these different algebraic approaches are useful if one assumes the possibility to balance the nonlinear term and the 

highest linear term leading to a suitable number (a positive integer) in the series expression eq.(4). This number may 

not be equal to zero since it represents the number of terms in the series in this expansion (nevertheless some equations 

allow 𝑛 = 0). 

The Sine-Gordon Equation is a notable exception, although their solutions contain hyperbolic functions; a similar 

example is the nonlinear Schrödinger-Equation.  

Another limitation is the solubility of the relating homogeneous nonlinear algebraic system. 

Let us now mentioned a few words to different ‘ansätze’ used in the ‘exact reduction’ process generating nODEs from 

nPDEs. Commonly used ‘ansätze’ are 𝑢(𝑥, 𝑡) = 𝑈(𝑥 − 𝜆𝑡), acting as a reference frame and 𝑢(𝑥, 𝑡) =

𝑈 (
𝑥

3𝑡
)

1/3

 especially for ‘diffusion-like’ parabolic equations. These ‘ansätze’, resulting from Lie group analysis (LGA) 

are appropriate to reduce a nPDE to a nODE in the sense of a similarity reduction. Not only class of travelling wave 

solutions occur, moreover, classes of general solutions can be obtained. However, difficulties appear in solving the 

relating nODE derived from the similarity reduction (for some nODEs only a numerical procedure is appropriate). 

Note: Using the diffusion-like ‘ansatz’ one gets the highly nODE for the function 𝑢 = 𝑢(𝜉), with 𝜉 = 𝑥. 𝑡−1/3 

                                      3𝑢′′ + 3𝑢′′𝑢
−

2
3 − 2𝑢′2

𝑢 − 4𝑢′2
𝑢−

5

3 − 18𝑡𝑢
1

3𝑢′ + 9𝑥𝑢′ = 0,                                          (24) 

Where the prime means differentiation w.r.t. to 𝜉. A numerical calculation is plotted in Fig.8 by using the initial values 

𝑢(0) = 1 and 𝑢′(0) = −1. 

 

On the contrary, this is the main advantage of algebraic procedures since they allow to generate classes of solutions 

in the same manner but without solving complicate nODEs. 
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Comparing the power of algebraic approaches with LGA one can see that they work as an excellent alternative tool 

without using any numerical methods. Apart from trivial solutions of the homogeneous nonlinear algebraic system in 

some cases it may happen that such systems could be solved only numerically.  

Otherwise, one can make use of the freedom of the appearing constants. In fact, it is clear that by increasing the number 

of constants the solubility process of the nonlinear algebraic system can therefore be influenced by the user. 

As a last remark one should point out the possibility in translating the algebraic procedure in any computer languages. 

As a next study we will analyse the solution structure of the nPDE, eq.(1) by using Lie Group Analysis and comparing 

the new results by the given ones. 

                                                                  

7. Figures  

                                               
Fig.1 A typical kink-like behavior of the solution function 𝑓1(𝜉) with special values of the constants 𝑎 = 𝑎1 = 𝑐1 =
𝜆 = 𝑘 = 1. The function is asymptotically stable as mentioned in 5.c. 

 

                                                           
Fig.2 A further typical kink-like behavior of the solution function 𝑓2(𝜉) with special values of the constants 𝑎 = 𝑎1 =
𝑐1 = 𝜆 = 𝑘 = 1, moving upon the vertical axes. This kink is also asymptotical stable. 
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               Fig.3 

The real part (left) and the imaginary part (right) of the solution function 𝑓3(𝜉) with special values of the parameter 

𝑎 = 𝑎1 = 𝑏1 = 1. Clearly one can see the discontinuity. 

 

                                                         
Fig.4 The solution function 𝑓4(𝜉) generated by different values of the constants, that are 𝜆 = 2, 𝑎 = 1, 𝑐1 = 0, 𝑎1 =
𝑏1 = 1. Also in this sketch one can see clearly the discontinuity 

 

                                             
                   Fig.5 The linear behavior of the solution function 𝑓5(𝜉) with special values of the constants 

                   𝑎 = 𝑎1 = 𝑐1 = 𝜆 = 𝑘 = 1. The function is also stable.  
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                                                                                   15 

                                                   
                                             Fig.6 A three-dimensional plot of the function 𝑓1(𝜉)   

 

                                                    
                           Fig.7 A three-dimensional plot of the function (the kink-solution) 𝑓2(𝜉)   

    

                                                          
Fig.8 A plot of the nPDE, eq.(24) for the function 𝑢(𝜉) with the initial conditions 𝑢(0) = 1 and 𝑢′(0) = −1. 
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