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ABSTRACT 

It is well-known that a classical field theory deals with the general idea of a quantity and it is a function of time and 

space. Classical field theory interested in classical mechanics. Classical mechanics explains the motion style of object 

with Euler-Lagrange equations. It is well-known that a classical field theory explain the study of how one or more 

physical .elds interact with matter which is used quantum and classical mechanics of physics branches. This 

manuscript set forth an attempt to introduce Lagrangian formalism for mechanical systems using with Kähler-Einstein 

metrics on Fano manifolds which represent an interesting multidisciplinary field of research. In this study, we will 

obtain the geodesic equations of moving objects on Fano manifolds. As a result of this study, partial differential 

equations will be obtained for movement of objects in space and solutions of these equations will be made using the 

Maple computation program. In addition to, the geometrical-physical results related to on Kähler-Einstein mechanical 

systems are also given. 

 
Keywords: Kähler-Einstein, Lagrangian, Mechanical System, Fano Varieties. 

MSC (2000) : 32Q15, 32Q20, 37N20, 51P05, 53C15, 53C25, 53C07, 58J60, 70H03, 83C05. 
 

1.  INTRODUCTION 

A Kähler–Einstein metric on a complex manifold is a Riemannian metric that is both a Kähler metric and an Einstein 

metric. A manifold is said to be Kähler–Einstein if it admits a Kähler–Einstein metric. The most important problem 

for this area is the existence of Kähler–Einstein metrics for compact Kähler manifolds. In the case in which there is a 

Kähler metric, the Ricci curvature is proportional to the Kähler metric. Therefore, the first Chern class is either 

negative, or zero, or positive. Kähler–Einstein metric (or Einstein metric) is a Kähler metric on a complex manifold 

𝑀𝑛 whose Ricci curvature tensor is proportional to the metric tensor. This proportionality is an analog of the Einstein 

field equation in the general theory of relativity. A Kähler–Einstein manifold (or Einstein manifold) is a complex 

manifold equipped with a Kähler–Einstein metric. In this case the Ricci curvature tensor, considered as an operator 

on the tangent space, is just multiplication by a constant. De Leon presented many studies about Lagrangian dynamics, 

mechanics, formalisms, systems and equations [1]. Tian submitted an expository paper on Kähler metrics of positive 

scalar curvature [2]. Vries shown that the Lagrangian motion equations have a very simple interpretation in relativistic 

quantum mechanics [3]. Paracomplex analogue of the Euler-Lagrange equations was obtained in the framework of 

para-Kählerian manifold and the geometric results on a paracomplex mechanical systems were found by Tekkoyun 

[4]. Electronic origins, molecular dynamics simulations, computational nanomechanics, multiscale modelling of 

materials fields were contributed by Liu [5]. Chen et al. provided that any compact complex surface with 𝑐1 > 0 

admits an Einstein metric which is conformally related to a Kähler metric [6]. Spotti investigated how Fano manifolds 

equipped with a Kähler-Einstein metric can degenerate as metric spaces and some of the relations of this question with 

algebraic geometry [7]. Le Brun showed that 𝐶𝑃2#2𝐶𝑃2  admits an Einstein metric [8]. Heier carry out Nadel’s 

method of multiplier ideal sheaves to show that every complex del Pezzo surface of degree at most six whose 

automorphism group acts without fixed points has a Kähler–Einstein metric [9]. Li solved a folklore conjecture, it is 

often referred as the Yau-Tian-Donaldson conjecture, on Fano manifolds without nontrivial holomorphic vector fields 

[10]. Coevering gave many examples of Kähler-Einstein strictly pseudo convex manifolds on bundles and resolutions 

[11]. Ro�̆�ek had studied the relationship between the curvature of a Kähler-Einstein manifold with Kähler potential 𝐾 

and the curvature of the base manifold [12]. Nadel introduced a coherent sheaf of ideals and showed that it satisfies 

various global algebrogeometric conditions, including a cohomology vanishing theorem [13]. Chen and Tian proved 

that if 𝑀 is a Kähler-Einstein surface with positive scalar curvature, if the initial metric has nonnegative sectional 

curvature [14]. Koiso and Sakane had considered 𝑃1(ℂ)-bundles over compact Kähler-Einstein manifolds to obtain 

non-homogeneous Kähler-Einstein manifolds with positive Ricci tensor [15]. Alekseevskya et al. examined that a para-

Kähler manifold can be defined as a pseudo-Riemannian manifold (𝑀, 𝑔)  with a parallel skew-symmetric 

paracomplex structures 𝐾  [16]. Salavessa and Valli considered 𝐹: 𝑀 → 𝑁  a minimal submanifold 𝑀  of real 

dimension 2𝑛, immersed into a Kähler–Einstein manifold 𝑁 of complex dimension 2𝑛, and scalar curvature 𝑅 [17]. 
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Kasap introduced Weyl-Euler-Lagrange equations of motion on flat manifold [18]. 
 

2  PRELIMINARIES 

Definition 1. Let 𝑀 be a differentiable manifold of dimension 2𝑛, and suppose 𝐽 is a differentiable vector bundle 

isomorphism 𝐽: 𝑇𝑀 → 𝑇𝑀 such that 𝐽𝑝: 𝑇𝑝𝑀 → 𝑇𝑝𝑀 is a complex structure for 𝑇𝑝𝑀, i.e. 𝐽2 = −𝐼 where 𝐼 is the 

identity vector bundle isomorphism. Then 𝐽 is called an almost-complex structure for the differentiable manifold 

𝑀. A manifold with a fixed almost-complex structure is called an almost-complex manifold. 
 

Theorem 1. If 𝑀 is a smooth manifold of real dimension 2𝑛, then a smooth field 𝐽 = (𝐽𝑥) of complex structures on 

𝑇𝑀 is called an almost complex structure of 𝑀. An almost complex structure 𝐽 = 𝐽𝑥 is called a complex structure if 

it comes from a complex structure on 𝑀 as in 𝐽𝑥𝑋𝑗(𝑥) = 𝑌𝑗(𝑥), 𝐽𝑥𝑌𝑗(𝑥) = −𝑋𝑗(𝑥). Any almost complex structure 

on a surface is a complex structure. 
 

Theorem 2. A celebrated theorem of Newlander and Nirenberg says that an almost complex structure is a complex 

structure if and only if its Nijenhuis tensor, 𝑁𝐽 ∈∧2 𝑇∗𝑀 ⊗ 𝑇𝑀 of an almost complex structure 𝐽 ∈ 𝑇∗𝑀 ⊗ 𝑇𝑀, or 

torsion 𝑁𝐽 vanishes 

 𝑁𝐽(𝑋, 𝑌) = [𝐽𝑋, 𝐽𝑌] − 𝐽[𝐽𝑋, 𝑌] − 𝐽[𝑋, 𝐽𝑌] − [𝑋, 𝑌],   𝑋, 𝑌 ∈ 𝑇𝑀, (1) 

where the right hand side is calculated for arbitrary vector fields 𝑋, 𝑌 with the given values 𝑋𝑝, 𝑌𝑝 ∈ 𝑇𝑎𝑝𝑀 at the 

point 𝑝 ∈ 𝑀 . In coordinates it has the formula: 𝑁𝑗𝑘
𝑖 = 𝐽𝑗

𝑖 ∂𝑙𝐽𝑘
𝑖 − 𝐽𝑘

𝑙 ∂𝑙𝐽𝑗
𝑖 − 𝐽𝑙

𝑖 ∂𝑗𝐽𝑘
𝑙 + 𝐽𝑙

𝑖 ∂𝑘𝐽𝑗
𝑙 .  Also, 𝑁𝐽(𝑋, 𝑌) =

(∇𝑋𝐽)(𝐽𝑌) − (∇𝑌𝐽)(𝐽𝑋) + (∇𝐽𝑋𝐽)(𝑌) − (∇𝐽𝑌𝐽)(𝑋), where ∇ (i.e. such a connection that ∇𝐽 = 0) is any symmetric 

connection on 𝑀 [19, 20]. 
 

Definition 2. Let 𝑀 be a smooth manifold of dimension 𝑛 ≥ 3. Let ∇ be its Levi-Civita connection, a torsion free 

connection on the tangent bundle 𝑇𝑀 of 𝑀 and let 

 𝑔 =<. , . >, (2) 

be a pseudo-Riemann metric on 𝑀 of signature (𝑝, 𝑞). (𝑀, 𝑔) be called the pseudo-Riemannian manifold [21]. 
 

Definition 3. The Ricci(curvature) tensor 𝑟 of a pseudo-Riemannian manifold (𝑀, 𝑔) is the 2-tensor 

 𝑟(𝑋, 𝑌) = 𝑡𝑟(𝑍), (3) 

where 𝑡𝑟 donates the trace of the linear map 𝑍 → 𝑅(𝑋, 𝑍)𝑌. Note that the Ricci tensor is symmetric. 
 

Definition 4. A Riemannian manifold (𝑀, 𝑔) consists of the following data: a compact 𝐶∞ manifold 𝑀. A metric 

tensor field 𝑔 which is a positive definite bilinear symmetric differential form on 𝑀. In other words, we associate 

with every point 𝑝 of 𝑀 a Euclidean structure 𝑔𝑝 on the tangent space 𝑇𝑝𝑀 of 𝑀 at 𝑝 and require the association 

𝑝 → 𝑔𝑝 to be 𝐶∞. We say that 𝑔 is a Riemannian metric on 𝑀. A pseudo-Riemannian manifold (also called a 

semi-Riemannian manifold) (𝑀, 𝑔)  is a differentiable manifold 𝑀  equipped with a non-degenerate, smooth, 

symmetric metric tensor 𝑔. Also, it is generalization of a Riemannian manifold in which the metric tensor need not 

be positive-definite. A pseudo-Riemannian manifold (𝑀, 𝑔) is Einstein manifold if there exists a real constant 𝜆 

such that 

 𝑟(𝑋, 𝑌) = 𝜆𝑔(𝑋, 𝑌), (4) 

for ∀𝑝 ∈ 𝑀, ∀𝑋, 𝑌 ∈ 𝑇𝑝𝑀. 
 

Theorem 3. Assume 𝑛 ≥ 3. Then an 𝑛-dimensional pseudo-Riemannian manifold is Einstein if and only if, for 

each 𝑝 in 𝑀, there exists a constant 𝜆𝑝 such that 

 𝑟𝑝 = 𝜆𝑝𝑔𝑝. (5) 

Proof: The ” only if” part is trivial. In the other direction, applying the divergence 𝛿 to both sides of (5), we get 𝛿𝑟 =

−
1

2
𝑑𝑠 = −𝑑𝜆. So 𝜆 −

1

2
𝑠 is a constant. Taking the trace of (5) with respect to 𝑔, we get 𝑛𝜆 = 𝑠. So finally 𝜆 (and 

𝑠) are constant [22]. 

A pseudoholomorphic curve (J-holomorphic curve) is a smooth map from a Riemann surface into an almost complex 

manifold that satisfies the Cauchy–Riemann equation [23]. A closed two-form 𝜔 on a complex manifold 𝑀 which 

is also the negative imaginary part of a Hermitian metric ℎ = 𝑔 − 𝑖𝜔 is called a Kähler form. In this case, 𝑀 is called 
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a Kähler manifold and 𝑔, the real part of the Hermitian metric, is called a Kähler metric. The Kähler form combines 

the metric and the complex structure, indeed 

 𝑔(𝑋, 𝑌) = 𝜔(𝑋, 𝐽𝑌), (6) 

where 𝐽 is the almost complex structure. Since the Kähler form comes from a Hermitian metric, it is preserved by 𝐽, 

i.e., since ℎ(𝑋, 𝑌) = ℎ(𝐽𝑋, 𝐽𝑌). The equation 𝑑𝜔 = 0 implies that the metric and the complex structure are related. 

It gives 𝑀 a Kähler structure, and has many implications. A Kähler metric 𝑔 on a complex manifold 𝑀 is Einstein 

if and only if there exists 𝜆 ∈ ℝ such that 

 𝜌 = 𝜆𝜔, (7) 

where 𝜔 is the fundamental form associated to 𝑔 and 

 𝜌(𝑋, 𝑌) = 𝑅𝑖𝑐(𝑋, 𝐽𝑌), (8) 

for 𝑋, 𝑌 ∈ 𝜒(𝑀). The pair (𝑀, 𝑔), where 𝑀  is a complex manifold and 𝑔 a Kähler-Einstein metric is said a 

Kähler-Einstein manifold [24]. A Kähler–Einstein metric on a complex manifold is a Riemannian metric that is 

both a Kähler metric and an Einstein metric. A manifold is said to be Kähler-Einstein if it admits a Kähler-Einstein 

metric. A Kähler metric on a complex manifold whose Ricci tensor 𝑅𝑖𝑐(𝜔) is proportional to the metric tensor: 

 𝑅𝑖𝑐(𝜔) = 𝜆𝜔. (9) 

Let 𝑀 be a complex manifold with complex structure 𝐽 and compatible Riemannian metric 𝑔 =<. , . > as in <
𝐽𝑋, 𝐽𝑌 >=< 𝑋, 𝑌 >, where 𝑋  and 𝑌 any two vector fields. The alternating 2-form 

 𝜔(𝑋, 𝑌): = 𝑔(𝐽𝑋, 𝑌), (10) 

is called the associated Kähler form. We can retrieve 𝑔 from 𝜔, 

 𝑔(𝑋, 𝑌) = 𝜔(𝑋, 𝐽𝑌). (11) 

We say that 𝑔 is a Kähler metric and that 𝑀 is a Kähler manifold if 𝜔 is closed and (𝑀, 𝑔) is displayed in the 

form. Let 𝑀 be a complex manifold. A Riemannian metric on 𝑀 is called Hermitian if it is compatible with the 

complex structure 𝐽 of 𝑀, < 𝐽𝑋, 𝐽𝑌 >=< 𝑋, 𝑌 >. Then the associated differential two-form 𝜔 defined by 

 𝜔(𝑋, 𝑌) =< 𝐽𝑋, 𝑌 >, (12) 

is called the Kähler form. It turns out that 𝜔 is closed if and only if 𝐽 is parallel. Then 𝑀 is called a Kähler manifold 

and the metric on 𝑀 a Kähler metric. Kähler manifolds are modelled on complex Euclidean space. 
 

Theorem 4. Let 𝑀 be a compact connected complex manifold and 𝑐1(𝑀)ℝ its first Chern class; if 𝑐1(𝑀)ℝ > 0, 𝑀 

is Fano manifold, then 𝑀 carries a unique (Ricci-positive) Kähler–Einstein metric 𝜔 such that for 𝜆 = 1, 

 𝑅𝑖𝑐(𝜔) = 𝜔. (13) 

In algebraic geometry, a Kähler manifold 𝑀 with 𝑐1(𝑀)ℝ > 0 is called a Fano manifold [25, 26]. 
 
3.  THE KÄHLER ANGLE 

The principal or canonical angles (and the related principal vectors) between two subspaces provide the best available 

characterization of the relative subspace positions. In any (finite-dimensional) real (Euclidean) vector space 𝑉ℝ(≃
ℝ𝑚, 𝑚 ∈ ℕ, 𝑚 ≥ 2) equipped with the scalar product < 𝑋, 𝑌 >ℝ= ∑𝑚

𝑘=1 𝑋𝑘𝑌𝑘  for any pair of vectors 𝑋, 𝑌 ∈ 𝑉ℝ 

one can define an (real) angle 𝜃 < 𝑋, 𝑌 >, 0 ≤ 𝜃 ≤ 𝜋, between these two vectors by means of the standard formula 

 𝑐𝑜𝑠𝜃 < 𝑋, 𝑌 >=
<𝑋,𝑌>ℝ

‖𝑋‖‖𝑌‖
. (14) 

The Kähler Angle: In order to proceed further let us introduce the almost complex structure 𝐽, 𝐽2 = −𝐼, which acts 

as an operator in the real vector space 𝑉ℝ isometric to 𝑉ℂ. In our coordinates the almost complex structure 𝐽 performs 

the following transformations: 𝑋2𝑘−1 → 𝑋2𝑘 , 𝑋2𝑘 − 𝑋2𝑘−1 , 𝑘 = 1, . . . , 𝑛. This is equivalent to the transformation 

𝑥 → 𝑖𝑥 in 𝑉ℂ. A subspace 𝑃 of 𝑉ℝ is called holomorphic, if it holds 𝑃 = 𝐽𝑃. It is called antiholomorphic (totally 

real, with a real Hermitian product), if it holds 𝑃 ⊥ 𝐽𝑃. Following the convention applied in a large fraction of the 

literature we introduce the notation �̃� = 𝐽𝑋, 𝑋 ∈ 𝑉ℝ. By writing 

 𝑐𝑜𝑠𝜃𝐾 < 𝑥, 𝑦 >. 𝑠𝑖𝑛𝜃 < 𝑥, 𝑦 >= 𝑐𝑜𝑠𝜃𝐾 < 𝑋, 𝑌 >. 𝑠𝑖𝑛𝜃 < 𝑋, 𝑌 >=
<�̃�,𝑌>ℝ

‖𝑋‖‖𝑌‖
, (15) 

one can now introduce a further angle 𝜃𝐾 < 𝑥, 𝑦 >= 𝜃𝐾 < 𝑋, 𝑌 >, 0 ≤ 𝜃𝐾 ≤ 𝜋 , which is called the Kähler Angle 

between the vectors 𝑥, 𝑦 ∈ 𝑉ℂ or the vectors 𝑋, 𝑌 ∈ 𝑉ℝ, respectively [27]. 

 
Definition 5. Let 𝑁 be a Kähler manifold with the complex structure 𝐽 and the standard Kähler metric <. , . >, let 𝑀 
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be a Riemann surface; and let Ψ: 𝑀 → 𝑁 be an isometric minimal immersion of 𝑀 into 𝑁. Then the Kähler angle 𝜃 

of Ψ which is an invariant of the immersion Ψ related to 𝐽, is defined by 

 𝑐𝑜𝑠(𝜃) =< 𝐽𝑒1, 𝑒2 >. (16) 

where {𝑒1, 𝑒2} is an orthonormal basis of 𝑀 [28]. 
 

4.  HOLOMORPHIC PROPERTIES OF 𝑭∗𝝎 

Let (𝑁, 𝐽, 𝑔)  be a Kähler manifold of complex dimension 2𝑛  and 𝑔  is a Kähler metric .  Also 𝐹: 𝑀 → 𝑁  an 

immersed submanifold of real dimension 2𝑛 and minimal submanifold 𝑀. We denote by 𝜔 the Kähler form and 

𝑥, 𝑦 ∈ 𝜒(𝑀): 

 𝜔(𝑥, 𝑦) = 𝑔(𝐽𝑥, 𝑦). (17) 

We take the induced metric on 𝑀 

 𝑔𝜇 = 𝐹∗𝑔. (18) 

𝑁 is Kähler-Einstein manifold if its Ricci tensor is a multiple of the metric, 𝑅𝑖𝑐𝑐𝑖𝑁 = 𝑅𝑔. At each point 𝑝 ∈ 𝑀, we 

identify 𝐹∗𝜔 with a skew-symmetric operator of 𝑇𝑝𝑀 by using the musical isomorphism with respect to 𝑔𝜇 namely 

 𝑔𝜇(𝐹∗𝜔(𝑥), 𝑦) = 𝐹∗𝜔(𝑥, 𝑦). (19) 

We take its polar decomposition 

 𝐹∗𝜔 = �̃�𝐽𝜔, (20) 

where 𝐽𝜔: 𝑇𝑝𝑀 → 𝑇𝑝𝑀 is a partial isometry with the same kernel 𝜅𝜔 as of 𝐹∗𝜔, and where �̃� is the positive semi-

definite operator 

 �̃� = |𝐹∗𝜔| = √−(𝐹∗𝜔)2. (21) 

The holomorphic structures obtaining: Let’s take a Kähler-Einstein metric 𝑔. If 𝑋 and 𝑌 are orthonormal basis 

on 𝑀 then 𝑐𝑜𝑠(𝜃) =< 𝐽𝑋, 𝑌 > according to (14) and (16). Also, 𝜔(𝑋, 𝑌) = 𝑔(𝐽𝑋, 𝑌) =< 𝐽𝑋, 𝑌 > at (12) and (10). 

𝜌 = 𝑅𝑖𝑐(𝜔) = 𝜔 for first Chern class (𝜆 = 1) (7): 

 𝜌 = 𝑅𝑖𝑐(𝜔) = 𝜆𝜔(𝑋, 𝑌) = 𝑔(𝐽𝑋, 𝑌) =< 𝐽𝑋, 𝑌 >= 𝑐𝑜𝑠(𝜃). (22) 

We take equation (22) into consideration (20) then 𝐹∗𝜔 is as follows: 

 𝐹∗𝜔 = 𝑐𝑜𝑠(𝜃)𝐽𝜔. (23) 

Let {𝑥𝛼 , 𝑦𝛼}1≤𝛼≤𝑛 be a 𝑔𝜇-orthonormal basis of 𝑇𝑝𝑀, that diagonalizes 𝐹∗𝜔 at 𝑝, that is 

 𝐹∗𝜔 [
𝑦𝛼

𝑥𝛼
] =

⊕
0 ≤ 𝛼 ≤ 𝑛

[
0 −cos𝜃𝛼

cos𝜃𝛼 0
] [

𝑥𝛼

𝑦𝛼
] , (24) 

where 𝑐𝑜𝑠𝜃1 ≥ 𝑐𝑜𝑠𝜃2 ≥. . . ≥ 𝑐𝑜𝑠𝜃𝑛 ≥ 0. The angles {𝜃𝛼}1≤𝛼≤𝑛 are the Kähler angles of 𝐹 at 𝑝. Thus, using (23) 

for ∀𝛼, 

 𝐹∗𝜔(𝑥𝛼) = 𝑐𝑜𝑠𝜃𝛼𝑦𝛼 ,    𝐹∗𝜔(𝑦𝛼) = −𝑐𝑜𝑠𝜃𝛼𝑥𝛼 , (25) 

and if 𝑘 ≥ 1, where 2𝑘 is the rank of 𝐹∗𝜔 at 𝑝, 𝐽𝜔(𝑥𝛼) = 𝑦𝛼  ,∀𝛼 ≤ 𝑘. 𝑀 is a complex submanifold iff 𝑐𝑜𝑠𝜃𝛼 =
1, ∀𝛼, and is a Lagrangian submanifold iff 𝑐𝑜𝑠𝜃𝛼 = 0, ∀𝛼. We say that 𝐹 has equal Kähler angles if 𝜃𝛼 = 𝜃, ∀𝛼. 

Complex and Lagrangian submanifolds are examples of such case. If 𝐹 is a complex submanifold, then 𝐽 is the 

complex structure induced by 𝐽 of 𝑁. The Kähler angles are some functions that at each point 𝑝 of 𝑀 measure the 

deviation of the tangent plane 𝑇𝑝𝑀 of 𝑀 from a complex or a Lagrangian subspace of 𝑇𝐹(𝑝)𝑀. This concept was 

introduced by Chern and Wolfson for oriented surfaces, namely 𝐹∗𝜔 = 𝑐𝑜𝑠𝜃Vol 𝑀 [29]. 
 

Theorem 5. If 𝑀 is a real compact surface and 𝑁 is a complex Kähler-Einstein surface with 𝑅 < 0, and if 𝐹 is 

minimal with no complex points, then 𝐹 is Lagrangian [30]. 
Let we denote by ∇𝑥𝑑𝐹(𝑦) = ∇𝑑𝐹(𝑥, 𝑦) the second fundamental form of 𝐹. If 𝐹 is an immersion with no 

complex directions at 𝑝  and {𝑥𝛼 , 𝑦𝛼}  diagonalizes 𝐹∗𝜔  at 𝑝 , then {𝑑𝐹(𝑧𝛼), 𝑑𝐹(𝑧�̅�), (𝐽𝑑𝐹(𝑧𝛼))
⊥

, (𝐽𝑑𝐹(𝑧�̅�))
⊥

} 

constitutes a complex basis of 𝑇𝐹(𝑝)
ℂ 𝑁, where  

 𝑧𝛼 =
1

2
(𝑥𝛼 − 𝐢𝑦𝛼),    𝑧�̅� =

1

2
(𝑥𝛼 + 𝐢𝑦𝛼), (26) 

are complex vectors of the complexfield tangent space of 𝑀 at 𝑝. If 𝐹 has equal Kähler angles, then 

 𝐹∗𝜔 = cos𝜃𝐽𝜔,    �̃� = sin2𝜃𝑔𝜇 . (27) 



IJRRAS 26 (3) ● March 2016 Kasap ● Euler-Lagrangian Equations with Kähler-Einstein Metric 

 
 

140 

 

If we parallel transport a diagonalizing orthonormal basis {𝑥𝛼 , 𝑦𝛼} of 𝐹∗𝜔 at 𝑝0 along geodesics, on a neighborhood 

of 𝑝0 . Similarly we that �̃�  is parallel. If we extend 𝐹∗𝜔  to the complexified tangent space 𝑇𝑝0
ℂ 𝑀  then the 

holomorphic base structures, considering (25),(27) and (26), are as follows [29]: 

 𝐹∗𝜔(𝑧𝛼) = 𝐢cos𝜃𝛼𝑧𝛼 ,    𝐹∗𝜔(𝑧�̅�) = −𝐢cos𝜃𝛼𝑧�̅� . (28) 

A Hermitian matrix (or self-adjoint matrix) is a square matrix with complex entries that is equal to its own conjugate 

transpose-that is, the element in the 𝑖-th row and 𝑗-th column is equal to the complex conjugate of the element in the 

𝑗-th row and 𝑖-th column, for all indices 𝑖 and 𝑗:  𝑎𝑖𝑗 = 𝑎𝑗𝑖 or 𝐴 = 𝐴𝑇, in matrix form. The above structure (24) 

are Hermitian matrix. Namely 

 (�̅�∗𝜔)𝑇 = [
0 𝐢cos𝜃𝛼

−𝐢cos𝜃𝛼 0
]

0≤𝛼≤𝑛
, (29) 

from here (�̅�∗𝜔)𝑇 = 𝐹∗𝜔. We will be examine for holomorphic property of (28). 

 
1. 𝐹∗2𝜔(𝑧𝛼) = 𝐹∗𝜔𝑜𝐹∗𝜔(𝑧𝛼) = 𝐹∗𝜔(

1

2
(𝑥𝛼 − 𝐢𝑦𝛼)) =

1

2
𝐹∗𝜔(𝑥𝛼) −

1

2
𝐢𝐹∗𝜔(𝑦𝛼) = 𝐢cos𝜃𝛼𝑧𝛼 ,

2. 𝐹∗𝜔(𝑧�̅�) = 𝐹∗𝜔𝑜𝐹∗𝜔(𝑧�̅�) = 𝐹∗𝜔(
1

2
(𝑥𝛼 + 𝐢𝑦𝛼)) =

1

2
𝐹∗𝜔(𝑥𝛼) +

1

2
𝐢𝐹∗𝜔(𝑦𝛼) = −𝐢cos𝜃𝛼𝑧�̅� .

 (30) 

As we have seen above, these structures have the ability to (para)complex for 𝜃𝛼 = 2𝑘𝜋, 𝑘 ∈ ℤ. 
 

5.  EULER-LAGRANGE DYNAMICS EQUATIONS 

Lemma 1. The function that reduces the closed 2-form on a vector field to 1 −form on the phase space defined of a 

mechanical system is equal to the differential of the energy function 1-form of the Lagrangian or the Hamiltonian 

mechanical systems [30]. 
 
Definition 6. Let 𝑀 be an 𝑛-dimensional manifold and 𝑇𝑀 its tangent bundle with canonical projection 𝜏𝑀: 𝑇𝑀 →
𝑀. 𝑇𝑀 is called the phase space of velocities of the base manifold 𝑀. Let 𝐿: 𝑇𝑀 → 𝑅 be a differentiable function 

on 𝑇𝑀 called the Lagrangian function. Here, 𝐿 = 𝑇 − 𝑉 such that 𝑇 is the kinetic energy and 𝑉 is the potential 

energy of a mechanical system. In the problem of a mass on the end of a spring, 𝑇 = 𝑚�̇�2/2 and 𝑉 = 𝑘𝑥2/2, so we 

have 𝐿 = 𝑚�̇�2/2 − 𝑘𝑥2/2. We consider the closed 2-form and base space (𝐽) on 𝑇𝑀 given by Φ𝐿 = −𝑑𝐝𝐽𝐿 =

−𝑑(𝐽(𝐝)). Consider the equation 

 𝑖𝜉Φ𝐿 = 𝑑𝐸𝐿 . (31) 

Where 𝑖𝜉  is reduction function and 𝑖𝜉Φ𝐿 = Φ𝐿(𝜉) is defined in the form. Then 𝜉 is a vector field, we shall see that 

(31) under a certain condition on 𝜉 is the intrinsical expression of the Euler-Lagrange equations of motion. This 

equation (31) is named  as Lagrange dynamical equation [31]. We shall see that for motion in a potential, 𝐸𝐿 =
𝑉𝐿 − 𝐿 is an energy function and 𝑉 = 𝐽𝜉 a Liouville vector field. Here 𝑑𝐸𝐿 denotes the differential of 𝐸. The triple 

(𝑇𝑀, Φ𝐿 , 𝜉) is known as Lagrangian system on the tangent bundle 𝑇𝑀. If it is continued the operations on (31) for 

any coordinate system then infinite dimension Lagrange’s equation is obtained the form below. The equations of 

motion in Lagrangian mechanics are the Lagrange equations of the second kind, also known as the Euler–Lagrange 

equations; 

 
∂

∂𝑡
(

∂𝐿

∂�̇�
) =

∂𝐿

∂𝑥
. (32) 

We have ∂𝐿/ ∂�̇� = 𝑚𝑥 and ∂𝐿/ ∂𝑥 = −𝑘𝑥, so eq. (32) gives 𝑚�̈� = −𝑘𝑥 which is exactly the result obtained by 

using 𝐹 = 𝑚𝑎 at Newton’s second law for the mechanical problem. The Euler-Lagrange equation, eq. (32), gives 

𝑚�̈� = −
𝑑𝑉

𝑑𝑥
. In a three-dimensional setup written in terms of Cartesian coordinates, the potential takes the form 

𝑉(𝑥, 𝑦, 𝑧), so the Lagrangian is   𝐿 = 𝑚(�̇�2 + �̇�2 + �̇�2)/2 − 𝑉(𝑥, 𝑦, 𝑧). So, the three Euler-Lagrange equations 

may be combined into the vector statement 𝑚�̈� = −∇𝑉. 
 

6.  LAGRANGIAN MECHANICAL SYSTEMS 

We, using (28), Lemma 1 and (31), get Euler-Lagrange equations for quantum and classical mechanics on Kähler-

Einstein manifolds (𝑀, 𝑔, 𝐹∗𝜔). Firstly, take 𝐹∗𝜔  as the local basis element on Kähler-Einstein manifolds and 

(𝑧𝛼 , 𝑧�̅�) be its coordinate functions. 
 

Proposition 2. Let 𝜉 be the vector field decided and 𝑍𝛼 = �̇�𝛼 , �̅�𝛼 = 𝑧̅
.

𝛼 on Kähler-Einstein manifolds for the local 

coordinates (28) by 
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 𝜉 = 𝑍𝛼 ∂

∂𝑧𝛼
+ �̅�𝛼 ∂

∂�̅�𝛼
. (33) 

The vector field described by 

         𝑉 = 𝐹∗𝜔(𝜉) = 𝑍𝛼𝐢cos𝜃𝛼
∂

∂𝑧𝛼
− �̅�𝛼𝐢cos𝜃𝛼

∂

∂�̅�𝛼
, (34) 

                  𝑉𝐿 = 𝑍𝛼𝐢cos𝜃𝛼
∂𝐿

∂𝑧𝛼
− �̅�𝛼𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
, (35) 

is said to be Liouville vector field with Kähler-Einstein metric and equal Kähler angles on Fano manifolds. The closed 

2-form is given by Φ𝐿 = −𝑑𝑑𝐹∗𝜔𝐿 such that 

 
𝑑𝐹∗𝜔 = 𝐹∗𝜔(𝑍𝛼𝑑𝑧𝛼 + �̅�𝛼𝑑𝑧�̅�) = 𝐢cos𝜃𝛼𝑍𝛼𝑑𝑧𝛼 − 𝐢cos𝜃𝛼�̅�𝛼𝑑𝑧�̅� ,

𝑑𝐹∗𝜔(𝐿) = 𝐢cos𝜃𝛼𝑍𝛼(𝐿)𝑑𝑧𝛼 − 𝐢cos𝜃𝛼�̅�𝛼(𝐿)𝑑𝑧�̅� .
 (36) 

Then we using have 

 
Φ𝐿 = −𝑑(𝑑𝐹∗𝜔𝐿) = 𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛼 − 𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧�̅� ∧ 𝑑𝑧𝛼

                +𝐢cos𝜃𝛼
∂𝐿

∂�̅�𝛼
𝑑𝑧𝛼 ∧ 𝑑𝑧�̅� − 𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
𝑑𝑧�̅� ∧ 𝑑𝑧�̅� ,

 (37) 

and then we calculate, using 𝑑𝑧𝑖 (
∂

∂𝑧𝑗) =
∂𝑧𝑖

∂𝑧𝑗 = 𝛿𝑗
𝑖 = {

1 , 𝑖 = 𝑗
0 , 𝑖 ≠ 𝑗

, (𝑓 ∧ 𝑔)(𝑣) = 𝑓(𝑣)𝑔 − 𝑔(𝑣)𝑓, 

 Φ𝐿(𝜉) = [
𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛼 − 𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧�̅� ∧ 𝑑𝑧𝛼

+𝐢cos𝜃𝛼
∂𝐿

∂�̅�𝛼
𝑑𝑧𝛼 ∧ 𝑑𝑧�̅� − 𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
𝑑𝑧�̅� ∧ 𝑑𝑧�̅�

] (𝑍𝛼 ∂

∂𝑧𝛼
+ �̅�𝛼 ∂

∂�̅�𝛼
), (38) 

and then 

 

Φ𝐿(𝜉) = Φ𝐿(𝜉) = 𝑍𝛼𝐢cos𝜃𝛼 [
∂𝐿

∂𝑧𝛼
(𝑑𝑧𝛼 (

∂

∂𝑧𝛼
) 𝑑𝑧𝛼 − 𝑑𝑧𝛼 (

∂

∂𝑧𝛼
) 𝑑𝑧𝛼) −

∂𝐿

∂𝑧𝛼
(𝑑𝑧�̅� (

∂

∂𝑧𝛼
) 𝑑𝑧𝛼 − 𝑑𝑧𝛼 (

∂

∂𝑧𝛼
) 𝑑𝑧�̅�)]

          +𝑍𝛼𝐢cos𝜃𝛼 [
∂𝐿

∂�̅�𝛼
(𝑑𝑧𝛼 (

∂

∂𝑧𝛼
) 𝑑𝑧�̅� − 𝑑𝑧�̅� (

∂

∂𝑧𝛼
) 𝑑𝑧𝛼) −

∂�̅�𝛼(𝐿)

∂�̅�𝛼
(𝑑𝑧�̅� (

∂

∂𝑧𝛼
) 𝑑𝑧�̅� − 𝑑𝑧�̅� (

∂

∂𝑧𝛼
) 𝑑𝑧�̅�)]

           +�̅�𝛼𝐢cos𝜃𝛼 [
∂𝐿

∂𝑧𝛼
(𝑑𝑧𝛼 (

∂

∂�̅�𝛼
) 𝑑𝑧𝛼 − 𝑑𝑧𝛼 (

∂

∂�̅�𝛼
) 𝑑𝑧𝛼) −

∂𝐿

∂𝑧𝛼
(𝑑𝑧�̅� (

∂

∂�̅�𝛼
) 𝑑𝑧𝛼 − 𝑑𝑧𝛼 (

∂

∂�̅�𝛼
) 𝑑𝑧�̅�)]

           +�̅�𝛼𝐢cos𝜃𝛼 [
∂𝐿

∂�̅�𝛼
(𝑑𝑧𝛼 (

∂

∂�̅�𝛼
) 𝑑𝑧�̅� − 𝑑𝑧�̅� (

∂

∂�̅�𝛼
) 𝑑𝑧𝛼) −

∂𝐿

∂�̅�𝛼
(𝑑𝑧�̅� (

∂

∂�̅�𝛼
) 𝑑𝑧�̅� − 𝑑𝑧�̅� (

∂

∂�̅�𝛼
) 𝑑𝑧�̅�)] .

 (39) 

or 

 
𝑖𝜉Φ𝐿 = 𝑍𝛼𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧𝛼 − 𝑍𝛼𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧𝛼 + 𝑍𝛼𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼
𝑑𝑧�̅� + 𝑍𝛼𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
𝑑𝑧�̅�

     −�̅�𝛼𝐢cos𝜃𝛼
∂𝐿

∂𝑍𝛼
𝑑𝑍𝛼 − �̅�𝛼𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
𝑑𝑍𝛼 − �̅�𝛼𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
𝑑𝑧�̅� + �̅�𝛼𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
𝑑𝑧�̅� .

 (40) 

Energy function and its differential are like the following: 

 𝐸𝐿 = 𝑉𝐿 − 𝐿 = 𝑍𝛼𝐢cos𝜃𝛼
∂𝐿

∂𝑧𝛼
− �̅�𝛼𝐢cos𝜃𝛼

∂𝐿

∂�̅�𝛼
− 𝐿, (41) 

and 

 
𝑑𝐸𝐿 = 𝑍𝛼𝐢cos𝜃𝛼

∂𝐿

∂𝑧𝛼 𝑑𝑧𝛼 − �̅�𝛼𝐢cos𝜃𝛼
∂𝐿

∂𝑧𝛼
𝑑𝑧𝛼 −

∂𝐿

∂𝑧𝛼
𝑑𝑧𝛼

 +𝑍𝛼𝐢cos𝜃𝛼
∂𝑧𝛼(𝐿)

∂�̅�𝛼
𝑑𝑧�̅� − �̅�𝛼𝐢cos𝜃𝛼

∂�̅�𝛼(𝐿)

∂�̅�𝛼
𝑑𝑧�̅� −

∂𝐿

∂�̅�𝛼
𝑑𝑧�̅� .

 (42) 

If we use (31) we obtain the equations given by 

 
−𝐢cos𝜃𝛼 [𝑍𝛼 ∂

∂𝑧𝛼
+ �̅�𝛼 ∂

∂�̅�𝛼
]

∂𝐿

∂𝑧𝛼
= −

∂𝐿

∂𝑧𝛼
,   𝐢cos𝜃𝛼 [𝑍𝛼 ∂

∂𝑧𝛼
+ �̅�𝛼 ∂

∂�̅�𝛼
]

∂𝐿

∂�̅�𝛼
= −

∂𝐿

∂�̅�𝛼
.
 (43) 

and then, using (33), 

 
−𝐢cos𝜃𝛼𝜉 (

∂𝐿

∂𝑧𝛼
) = −

∂𝐿

∂𝑧𝛼
,   𝐢cos𝜃𝛼𝜉 (

∂𝐿

∂�̅�𝛼
) = −

∂𝐿

∂�̅�𝛼
.
 (44) 

Definition 7. Suppose that 𝜉 is a vector field a vector-valued function with Cartesian coordinates (𝜉1, . . . , 𝜉𝑛); and 

𝛼(𝑡) a parametric curve with Cartesian coordinates (𝛼1(𝑡), . . . , 𝛼𝑛(𝑡)). Then 𝛼(𝑡) is an integral curve of 𝜉 if it is a 

solution of the following autonomous system of ordinary differential equations:  

 
𝑑𝛼1

𝑑𝑡
= 𝜉1(𝛼1(𝑡), . . . , 𝛼𝑛(𝑡)), . . . ,

𝑑𝛼𝑛

𝑑𝑡
= 𝜉1(𝛼1(𝑡), . . . , 𝛼𝑛(𝑡)). (45) 
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Such a system may be written as a single vector equation:  

 𝜉(𝛼(𝑡)) = 𝛼′(𝑡) =
∂

∂𝑡
(𝛼(𝑡)). (46) 

Considering the curve 𝛼, an integral curve of 𝜉, (46), we can find the equations at (44) as follows: 

 
1. Equation:  − 𝐢cos𝜃𝛼

∂

∂𝑡
(

∂𝐿

∂𝑧𝛼
) +

∂𝐿

∂𝑧𝛼
= 0,

2. Equation:    𝐢cos𝜃𝛼
∂

∂𝑡
(

∂𝐿

∂�̅�𝛼
) +

∂𝐿

∂�̅�𝛼
= 0,

 (47) 

such that these equations are called Euler-Lagrangian equations with Kähler-Einstein metric and Equal Kähler angles 

constructed on Fano manifolds with equal Kähler angles and thus the triple (𝑀, Φ𝐿 , 𝜉) is named as a mechanical 

system on Fano manifolds (𝑁, 𝑔, 𝐹∗𝜔). 
 

7.  SOLUTION OF EULER-LAGRANGE EQUATIONS 

Those found (47) are partial differential equation based on three variables. The implicit solution of equations system 

(47) was found using the Maple program. 

𝐿(𝑧, 𝑧̅, 𝑡) = 𝐹1(𝑡) + 𝑒𝑥𝑝 (−𝐢 ∗
𝑡

𝑐𝑜𝑠(𝜃)
) ∗ 𝐹2(𝑧) + 𝑒𝑥𝑝 (

𝑡

𝑐𝑜𝑠(𝜃)
∗ 𝐢) ∗ 𝐹3(𝑧)̅,   𝐢2 = −1.       (48) 

Example 1. In the above expression; 𝜃 angle and closed functions to be specific selected and the following graphs 

obtained. 
𝐿(𝑧, 𝑧̅, 𝑡) = t + 𝑒𝑥𝑝(−𝐢 ∗ t) ∗ 𝐢 + 𝐭 − 𝐢 ∗ 𝑒𝑥𝑝(t ∗ 𝐢) ∗ 𝐢      𝐿(𝑧, 𝑧,̅ 𝑡) = 𝑒𝑥𝑝(𝐢 ∗ t) ∗ 𝐢 + 𝐭 − 𝐢 ∗ 𝑒𝑥𝑝(t ∗ −𝐢) ∗ 𝐢 
                  𝑓𝑜𝑟 𝜃 = 0                                          𝑓𝑜𝑟 𝜃 = 𝜋 

               
                                         (Graph)

 

  (49) 
8.  CONCLUSION 

A classical field theory is just a mechanical system with a continuous set of degrees of freedom. Also, a classical field 

theory explain the study of how one or more physical fields interact with matter which is used quantum and classical 

mechanics of physics branches. An electromagnetic field is a physical field produced by electrically charged objects. 

How the movement of objects in electrical, magnetically and gravitational fields force is very important. For example, 

on a weather map, the surface wind velocity is defined by assigning a vector to each point on a map. So, said that each 

vector represents the speed and direction of the movement of air at this point. In this study, the Euler-Lagrange 

mechanical equations (47) derived on a generalized Euler-Lagrangian equations with Kähler-Einstein metric and 

Equal Kähler angles on Fano manifolds may be suggested to deal with problems in electrical, magnetically and 

gravitational fields for the path of movement (49) of defined space moving objects [32]. 
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