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ABSTRACT 
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1. INTRODUCTION 

The notion of fuzzy metric sets was introduced by Zadeh [20] in 1965.Sincethen, to use this concept in topology and 

analysis; many authors have expansively developed the theory of fuzzy sets and applications. For example,Deng [5], 

Erceg [6], Fang [7], George and Veeramani [8], Kaleva and Seikkala [11], Kramosil and Michalek [10] have 

introduced the concept of fuzzy metric spaces in different ways. They also showed that every metric induces a fuzzy 

metric. Mihet [13] obtained some new results of modifying the notion of convergence in fuzzy metric space.  

Park[15] using the idea of intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy metric spaces with the 

help of continuous t-norm and continuous t-conorm as a generalization of fuzzy metric space due to George and 

Veeramani[8] and introduced the notion of Cauchy sequences in an intuitionistic fuzzy metric space and proved the 

Baire’s theorem and finding a necessary and sufficient condition for an intuitionistic  fuzzy metric space to be 

complete and shown that every separable intuitionistic  fuzzy metric space is second countable and that every 

subspace  of an intuitionistic fuzzy metric space is separable and proved the uniform limit theorem for intuitionistic 

fuzzy metric spaces.Alaca et al.[2] using the idea of intuitionistic fuzzy sets, defined the notion of intuitionistic 

fuzzy metric space as Park [15] with the help of continuous t-norms and continuous t-conorms as a generalization of 

fuzzy metric space due to Kramosil and Michalek[10]. 

 

2. PRELIMINARIES 

Definition 2.1.[11] A binary operation ∗: [0,1] × [0,1] → [0, 1] is continuous t-norm if ∗ is satisfying the following 

conditions: 

    (1)∗is associative and commutative, 

(2)∗ is continuous, 

(3)a*1=a for all a∊[0,1], 

(4)a *b ≤ c*d whenever a ≤ c and b ≤ d, for all a,b,c,d∊ [0,1]. 

Example of t-norm are a∗ b = min {a, b} and a∗ b = ab. 

Definition 2.2.[11]A binary operation ◇:[0, 1] ×[0, 1]→ [0,1]  is continuous t-conorm if ◇ is satisfying the 

following conditions: 

    (1) ◇ is commutative and associative, 

    (2)◇ is continuous, 

    (3)a◇0=a for all a∊ [0,1], 
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    (4) a◇b≤c◇d whenever a≤ c and b ≤ d, for all a, b, c, d ∊ [0,1]. 

Example of t-conorm are a◇b=max {a,b} and a◇b=min{1,a+b}. 

The following definition was introduced by Alaca et al. [1]. 

Definition 2.3. [2]A 5-tuple (X,M,N,∗ ,◇) is said to be an intuitionistic fuzzy metric space if X is an arbitrary set,∗ 

is a continuous t-norm,◇ is a continuous t-conorm and M,N are fuzzy sets on X2 ×  [0, ∞) satisfying the following 

conditions : 

     (1) M(x, y, t) + N(x, y, t) ≤1 for allx, y∊ X and t>0, 

     (2)  M(x, y, 0) =0 for all x, y∊ X, 
     (3) M(x, y, t) =1 for all x, y∊ X and t>0, if and only if x=y, 

 (4) M(x, y, t) =M(y, x, t) for all x, y ∊ X and t>0, 

 (5) M(x, y, t)∗ M(y, z, s) ≤ M(x, z, t + s)for allx, y, z ∊ X and s, t > 0, 

  (6) For all x, y∊ X, M(x, y, ⋅): [0,∞) → [0,1] is left continuous, 

(7)limt→∞M(x, y, t) =1 for all x, y∊ X and t>0, 

(8) N(x, y, 0) =1 for all x, y∊ X, 
(9) N(x, y, t) =0 for all x, y∊ X and t>0, if and only if x=y, 

(10) N(x, y, t) =N(y, x, t) for all x, y ∊ X and t>0, 

(11) N(x, y, t)◇N(y, z, s)≥ N(x, z, t + s) for allx, y, z ∊ X and s, t > 0, 

 (12) For all x, y∊ X, N(x, y, ⋅): [0,∞) → [0,1] is right continuous, 

(13)limt→∞N(x, y, t) =0 for all x, y∊ X and t>0, 

 

Then (M, N) is called an intuitionistic fuzzy metric on X. The function M(x, y, t) and N(x, y, t) denote the degree of 

nearness and degree of non-nearness between x and y with respect to t, respectively. 

Remark 2.4. [14] In an intuitionistic fuzzy metric space, M(x, y,⋅) is non-decreasing and N(x, y, ⋅) is non-

increasing for all x, y∊ X. 

Remark 2.5. [14] Every fuzzy metric space (X, M, ∗)  is an intuitionistic fuzzy metric space of the form  

(X, M, 1-M,∗,◇) such that t-norm ∗ and t-conorm ◇ are associated, i.e. x◇y=1-((1-x)∗(1-y)) for all x,y ∊ X. 

Example 2.6. [15] Let (X,d) be a metric space. Define t-norm a∗ b =min {a, b} and t-conorm a◇b=max {a,b} and 

for all x,y∊ X and t>0, 

                       M(x, y,t) =
t

t+d(x,y)
,N(x,y,t)=

d(x,y)

t+d(x,y)
. 

Then (X, M, N,∗ , ◇) is an intuitionistic fuzzy metric space induced by the metric d. It is obvious that N(x, y, t) =1-

M(x, y, t). 

Definition 2.7.[2] Let (X, M,N,∗ , ◇) be an intuitionistic fuzzy metric space. Then 

(i) a sequence {xn} in X is said to be convergent to a point  x ∊ X if for all t > 0, limn→∞M (xn ,x, t) =1, 

 limn→∞N (xn, x, t) = 0. 

   Since ∗ and ◇ are continuous, the limit is uniquely determined from   (5) and (11) in Definition 2.3, respectively, 

(ii) a sequence {xn} in X is said to be Cauchy sequence  if for all t>0 and p>0, 
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limn→∞M(xn+p, x , t) =1,limn→∞N(xn+p, x , t) =0,                  

      (iii) an intuitionistic fuzzy metric space (X,M,N,∗,◇) is said to be  complete if and only if every Cauchy 

sequence in X isconvergent. 

Definition 2.8. [11] Let A and B be maps from an intuitionistic fuzzy metric space (X, M, N,∗, ◇) into itself. The 

maps A and B are said to be compatible if for all t>0, 

limn→∞ M (ABxn, BAxn, t) = 1 

and                       limn→∞ N(ABxn,BAxn, t) = 0, 

whenever {xn} is a sequence in X such that limn→∞Axn = limn→∞Bxn=z for some z∊ X. 

Definition 2.9. [7] A and S are said to be weakly compatible if they commute at their coincidence points; i.e., 

Ax=Sx for some x∊X implies that ASx=SAx. 

Definition 2.10. [14]Two self maps f and g of a set x are called occasionally weakly compatible iff there is a point 

x∊ X which is coincidence point of f and g at which f and g commute. 

Lemma 2.11.[2] Let (X,M, N,∗ , ◇) be an intuitionistic fuzzy metric space and {yn}be a sequence in X.If there 

exists a number k∊ (0,1)such that: 

        (1) M (yn+2, yn+1, kt) ≥ M(yn+1, yn, t), 

 (2) N (yn+2, yn+1, kt) ≤ N(yn+1, yn, t), 

for all t>0 and n=1, 2, 3… then {yn} is a Cauchy sequence in X. 

3. RESULTS 

Theorem 3.1.Suppose A, B, S, T, P and Q be mappings from an intuitionistic fuzzy metric space (X,M,N,∗,◇) into 

itself with continuous t-norm and continuous t-conorm ◇ defined by t∗t≥ t and(1 − t)◇(1 − t)≤(1-t) for all t∊ [0,1] 

such that: 

       (3.1) P(X) ⊂ST(X), Q(X) ⊂AB(X), 

       (3.2)There exists a constant k∊ (0,1) such that 

M2(Px, Qy, kt) ∗ [M(ABx, Px, kt). M(STy, Qy, kt)] 

≥ [αM(ABx, Px, t) + βM(ABx, STy, t)]M(ABx, Qy, 2kt) 

  for all x,y∈ X and t > 0 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼, 𝛽 < 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 + 𝛽 = 1 𝑎𝑛𝑑 

N2(Px, Qy, kt)◇[N(ABx, Px, kt). N(STy, Qy, kt)] 

≤ [αN(ABx, Px, t) + βN(ABx, STy, t)]N(ABx, Qy, 2kt) 

       for all x,y∈ X and t > 0 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼, 𝛽 < 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 + 𝛽 = 1, 

       (3.3) If one of P(X),ST(X),AB(X),Q(X) is a complete subspace of X then: 
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              (3.3.1) P and AB have a coincidence point and, 

           (3.3.2) Q and ST have a coincidence point. 

      (3.4) AB=BA, ST=TS, PB=BP,QT=TQ, 

      (3.5) The pairs {P,AB} and {Q,ST} are occasionally weakly compatible, then all the six mappings have a unique 

common fixed point in X. 

Proof. Let x0X. By (3.1),there exist x1, x2  ∈ X such that   

Px0=STx1=y0 and Qx1=ABx2=y1. 

Inductively, we can construct sequences {xn} and {yn} in X such that 

    Px2n = STx2n+1 = y2n and Qx2n+1 = ABx2n+2 = y2n+1 

for n = 0,1,2,3, … 

Firstly, we prove that     M (yn, y2n+1, kt) ≥M (y2n−1, yn, t)   and 

N(yn, yn+1, kt) ≤ N(yn−1, yn, t). 

Putting  x=x2n and y = x2n+1 in (3.2),we have 

M2(Px2n, Qx2n+1, kt) ∗ [M(ABx2n, Px2n, kt). M(STx2n+1, Qx2n+1, kt)] 

≥ [αM(ABx2n, Px2n, t) + βM(ABx2n, STx2n+1, t)]M(ABx2n, Qx2n+1, 2kt) 

and  

N2(Px2n, Qx2n+1, kt)◇[N(ABx2n, Px2n, kt). N(STx2n+1, Qx2n+1, kt)] 

≤ [αN(ABx2n, Px2n, t) + βN(ABx2n, STx2n+1, t)]N(ABx2n, Qx2n+1, 2kt), 

M2(y2n, y2n+1, kt) ∗[M(y2n−1, y2n, kt). M(y2n, y2n+1, kt)] 

≥ [αM(y2n, y2n−1, t) + βM(y2n−1, y2n, t)]M(y2n, y2n+1, 2kt) 

and 

N2(y2n, y2n+1, kt)◇[N(y2n−1, y2n, kt). N(y2n, y2n+1, kt)] 

≤ [αN(y2n, y2n−1, t) + βN(y2n−1, y2n, t)]N(y2n−1, y2n+1, 2kt), 

M2(y2n, y2n+1, kt) ∗[M(y2n−1, y2n, kt). M(y2n, y2n+1, kt)] 

≥ (α + β)M(y2n , y2n−1, t). M(y2n, y2n+1, 2kt), 

and 

N2(y2n, y2n+1, kt)◇[N(y2n−1, y2n, kt). N(y2n, y2n+1, kt)] 

≤ (α + β)N(y2n , y2n−1, t). N(y2n, y2n+1, 2kt), 

M(y2n, y2n+1, kt)   [M(y2n−1, y2n, kt) ∗ M(y2n, y2n+1, kt)] 
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≥ (α + β)M(y2n, y2n−1, t). M(y2n−1, y2n+1, 2kt) 

and 

      N(y2n, y2n+1, kt)   [N(y2n−1, y2n, kt)◇N(y2n, y2n+1, kt)] 

≤ (α + β)N(y2n, y2n−1, t). N(y2n−1, y2n+1, 2kt). 

Thus, it follows that 

                  M(y2n, y2n+1, kt)  . M(y2n−1, y2n+1, 2kt) 

≥ M(y2n−1, y2n, t). M(y2n−1, y2n+1, 2kt) 

and 

            N(y2n, y2n+1, kt)  . N(y2n−1, y2n+1, 2kt) 

≤ N(y2n−1, y2n, t). N(y2n−1, y2n+1, 2kt). 

Hence, we have M(y2n, y2n+1, kt) ≥ M(y2n−1, y2n, t) and   

                       N(y2n, y2n+1, kt) ≤ N(y2n−1, y2n, t). Similarly,we also have 

                           M(y2n+1, y2n+2, kt) ≥ M(y2n, y2n+1, t) and  

N(y2n+1, y2n+2, kt) ≤ N(y2n, y2n+1, t). 

In general, for all n even or odd, we have  

M(yn, y2n+1,kt) ≥M(y2n−1, yn, t)   and 

N(yn, yn+1, kt) ≤ N(yn−1, yn, t). 

 Hence using lemma 2.11, {yn} is a Cauchy sequence in X. 

Now suppose AB(X) is a complete subspace of X.  

Also the subsequence, {y2n+1} is contained in AB(X) and has a limit z, say, in AB(X).Let w∈ AB−1(z).Then 

ABw=z.We shall use the fact that subsequence, {y2n} also converges to z. 

By putting x=w, y=x2n+1 in (3.2) and taking limit as n→ ∞, we have 

M2(Pw, z, kt) ∗[M(z, Pw, kt). M(z, z, kt)] 

≥ [αM(z, Pw, t) + βM(z, z, t)]M(z, z, 2kt) 

and 

N2(Pw, z, kt)◇[N(z, Pw, kt). N(z, z, kt))] 

≤ [αN(z, Pw, t) + βN(z, z, t)]N(z, z, 2kt). 

Thus it follows that 

               M(z, Pw, kt)≥ αM(z, Pw, t) + β 
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≥ αM(z, Pw, kt) + β 

                  M(z, Pw, kt) ≥
β

1−α
=1 

and  

                         N(z,Pw,kt)≤ 0. 

Hence z=Pw. Since ABw=z thus we have Pw=z=ABw that is w is coincidence point of P and ABw. Since 

P(X)⊂ST(X), Pw=z implies that z∈ ST(x). 

Let v ∈ ST−1.Then STv=z. By putting x=x2n and y = v in (3.2) 

and taking limit as n→ ∞, we have  

M2(z, Qv, kt) ∗ [M(z, z, kt). M(z, Qv, kt)] 

≥ [αM(z, z, t) + βM(z, z, t)]M(z, Qv, 2kt) 

and  

N2(z, Qv, kt)◇[N(z, z, kt). N(z, Qv, kt)] 

≤ [αN(z, z, t) + βN(z, z, t)]N(z, Qv, 2kt). 

Thus, we have M(z,Qv,kt)≥ 1 and N(z, Qv, kt) ≤ 0. Thus, z = Qv. Since  

STv = z, we have Qv = z = STv that is v is coincidence point of Q and ST. 

This proves (3.3.2).The remaining two cases pertain essentially to the previous cases. Indeed if P(X) or Q(X) is 

complete then by (3..1),z∈ P(X) ⊂ ST(X)or 

z ∈ Q(X) ⊂ AB(X). Thus (3.3.1) and (3.3.2) are completely established. 

Since the pair (P, AB) is occasionally weakly compatible therefore P and AB commute at their coincidence point 

that is P(ABw) = (AB) Pw. 

That is Pz=ABz. 

Since the pair (Q, ST) is occasionally weakly compatible therefore Q and ST commute at their coincidence point 

that is Q (STv)=(ST)Qv. That is Qz=STz. 

By putting x=z,y=x2n+1 in (3.2) and taking limit at n→ ∞ we have 

M2(Pz, z, kt) ∗ [M(ABz, Pz, kt). M(z, z, kt)] 

≥ [αM(ABz, Pz, t) + βM(ABz, z, t)]M(ABz, z, 2kt) 

and  

N2(Pz, z, kt)◇[N(ABz, Pz, kt). N(z, z, kt)] 

≤ [αN(ABz, Pz, t) + βN(ABz, z, t)]N(ABz, z, 2kt). 

Then we have, M (z, Pz, kt)≥ 1 andN (z, Pz, kt)≤ 0. Thus, z = Pz. So 
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 Pz = ABz = z. 

    By putting x=x2n, y=z in (3.2) and taking limit at n→ ∞ we have  

M (z, Qz, kt)≥ 1 

and    N (z, Qz, kt)≤ 0. 

Thus, z=Qz.So Qz=STz=z. 

By putting x=z,y=Tz in(3.2) and using (3.4),we have  

M(z,Tz,kt)≥ 1 and   N(z,Tz,kt)≤ 0. 

Thus,z=Tz.Since STz=z therefore Sz=z. 

To prove Bz=z, we put x=Bz,y=z in(3.2) and using (3.4),we have M(Bz,z,kt)≥ 1 and N(Bz,z,kt)≤ 0. 

Thus z=Sz. Since ABz=z therefore Az=z. By combining the above result we have Az=Bz=Sz=Tz=Pz=Qz=z. That is 

z is a common fixed point of A, B, S, T, P and Q. 

Uniqueness: Letw (w ≠ z)  be another common fixed point of A, B, S, T, P and Q then  

Aw = Bw = Sw = Tw = Pw = Qw = w. 

By putting x=z,y=w in (3.2),we have M(z,w,kt)≥ 1 and N(z, w, kt) ≤ 0. 

Hence z=w for all x, y ∈ X and t > 0. Therefore z is a common fixed point of A,B,S,T,P and Q.This completes the 

proof. 

If we put B=T=IX (The identity map on X) in Theorem 3.1, we have the following: 

Corollary 3.1.Suppose A, S, P and Q be mappings from an intuitionistic fuzzy metric space (X,M,N,∗,◇) into itself 

with continuous t-norm ∗ and continuous  t-conorm ◇ defined by t∗t≥ t and(1 − t)◇(1 − t)≤ (1-t) for all t∊ [0,1] 

such that: 

(1) P(X)⊂ S(X), Q(X) ⊂ A(X),  

       (2) There exists a constant k∈ (0,1)such that 

M2(Px, Qy, kt) ∗ [M(Ax, Px, kt). M(Sy, Qy, kt)] 

≥ [αM(Ax, Px, t) + βM(Ax, Sy, t)]M(Ax, Qy, 2kt) 

       for all x,y∈ X and t > 0 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼, 𝛽 < 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 + 𝛽 = 1 𝑎𝑛𝑑 

N2(Px, Qy, kt)◇[N(Ax, Px, kt). N(Sy, Qy, kt)] 

≤ [αN(Ax, Px, t) + βN(Ax, Sy, t)]N(Ax, Qy, 2kt) 

       for all x,y∈ X and t > 0 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼, 𝛽 < 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 + 𝛽 = 1, 

        (3) If one of P(X),S(X),A(X),Q(X) is a complete subspace of X then 

                     (a) P and A have a coincidence point and, 
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                     (b)  Q and S have a coincidence point. 

(4) The pairs {P, A} and {Q,S} are occasionally weakly compatible, then A, S, P and Q have a unique common 

fixed point in X. 

  The following example illustrates Corollary 3.1. 

Example 3.1. Let X= [0, 10) with the metric d defined by d(x,y)=|x-y| and for each t∈ [0,1]define 

              M(x, y, t) ={

t

t+|x−y|
,    if t > 0;

  0,                 otherwise.
    and  

N(x, y, t) ={
|x−y|

t+|x−y|
, if t > 0;

1, if t = 0.
 

for all x, y∈ X. Clearly (X, M, N,∗,◇) is a  noncomplete intuitionistic fuzzy metric space where ∗ is defined by t ∗

t ≥ t and ◇ is defined by 

(1 − t)◇(1 − t) ≤ (1 − t). 

Define A, P, Q, S: X→ X by 

  A(X) ={
0             , if x = 0;

     9           , if 0 < 𝑥 < 5;
x − 6     , if 5 ≤ x < 10.

                    S(X) ={
0      , if x = 0;

      6        , if 0 < 𝑥 < 5;
x − 3, if 5 ≤ x < 10

 

 P(X) ={
0, if x = 0;

3, if 0 < 𝑥 < 10
                                   Q(X)={

0            , if x = 0;
6    , if 0 < 𝑥 < 10.

 

Then A, P,Q and S satisfy all the conditions of corollary 3.1  with k∈ (0,1) and have a unique common fixed point 

0∈ X.  Also the mappings P and A commute at coincidence point 0∈ X. So P and A are occasionally weakly 

compatible maps.Similarly, Q and S are occasionally weakly compatible maps.  

Suppose sequence {xn} is defined as xn = 15 +
1

n
,n≥ 1, 

Then xn → 15 as n → ∞. Then limn→∞ Pxn = 6, limn→∞ Axn = 6 but 

limn→∞M(PAxn, APxn, t) =
t

t + |6 − 12|
≠ 1 

and  

limn→∞N(PAxn, APxn, t) =
|6 − 12|

t + |6 − 12|
≠ 0. 

Thus the pair (P, A) is not compatible, Also 

limn→∞Qxn = 9, limn→∞Sxn = 9.  But  

limn→∞M(QSxn, SQxn, t) =
t

t + |9 − 6|
≠ 1. 

And 
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limn→∞N(QSxn, SQxn, t) =
|9 − 6|

t + |9 − 6|
≠ 0. 

So the pair (Q, S) is not compatible. All the mappings involved in this example are discontinuouseven at the 

common fixed point x=0. 

If we take A=S and P=Q in corollary 3.1 then we have the followings: 

Corollary 3.2.Suppose A and P be mappings from an intuitionistic fuzzy metric space (X,M,N,∗,◇)  into itself with 

continuous t-norm ∗ and continuous  t-conorm ◇ defined by t∗t≥ t and(1 − t)◇(1 − t)≤ (1-t) for all t∊ [0,1] such 

that: 

(1) P(X)⊂ A(X), 

(2) There exists a constant k∈ (0,1)such that 

M2(Px, Py, kt) ∗ [M(Ax, Px, kt). M(Ay, Py, kt)] 

≥ [αM(Ax, Px, t) + βM(Ax, Ay, t)]M(Ax, Py, 2kt) 

       for all x,y∈ X and t > 0 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼, 𝛽 < 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 + 𝛽 = 1 𝑎𝑛𝑑 

N2(Px, Py, kt)◇[N(Ax, Px, kt). N(Ay, Ay, kt)] 

≤ [αN(Ax, Px, t) + βN(Ax, Ay, t)]N(Ax, Py, 2kt) 

       for all x,y∈ X and t > 0 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼, 𝛽 < 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 + 𝛽 = 1, 

(3) If one of P(X), A(X) is a complete subspace of X then P and A have acoincidence point and, 

(4) The pairs {P, A} is occasionally weakly compatible, then   A and Q have a unique common fixed point in X. 

 

 

 

 

 

4.   CONCLUSION 

The known common fixed point theorems involving a collection of maps in an intuitionistic fuzzy metric spaces 

require one of the mapping in compatible pair to be continuous. For example in [1], Alaca et. al. assume one of the 

mapping to be continuous. Similarly Alaca et. al. [3] assume one of the mappings in compatible pairs of maps to be 

continuous. The present theorem however does not require any of the mappings to be continuous.  We have taken 

discontinuous maps with a new contractive condition with occasionally weakly compatible maps on non-complete 

intuitionistic fuzzy metric space.  
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