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ABSTRACT 

Graph theory defines a graph as a set of nodes (in this study, regions of interest, ROIs) and edges (functional 

connections). The present study aims to explore the topological properties of the Default Mode Network (DMN) in 

the framework of graph theory and the alterations induced on it by a cognitive task, with respect to the resting 

condition. The principal finding of the present study is that the default mode network of resting state condition 

(DMNRest) have high local efficiency of information transfer, robustness, better performance and high correlational 

strengths more than the default mode network cognitive task condition (DMNTask). 
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1. INTRODUCTION  

Graph theory has proved to be very useful in statistics for describing the relationship between random variables. A 

graph is a way to model a network, providing a topological representation of its structure. The basic ingredients for 

building a graph are a set of nodes (also called points or vertices) representing locations, and a set of segments 

connecting each two nodes [1]. The presence of an edge between two nodes indicates the presence of some kind of 

interaction or connection between them. 

A graph G with n nodes and m edges consists of a set of unordered nodes N(G)={n1; n2;…, nn} and edges E(G) = 

{e1; e2;…, em} [2]. An edge e connecting the nodes i and j is denoted by {i; j}, hence e is incident to i and j (called 

endpoints), which are adjacent to each other (or neighbours). 

Graphs can be classified as directed or undirected whether the edges carry information on the direction of the 

connection. Graphs are undirected, when information can flow in both directions along edges, while they are 

directed, when information can flow just in one direction. Moreover if each edge has a weight equal to one, the 

graph is said to be unweighted. On the other way around it is called weighted. Weights can be used to express the 

strength or effectiveness of connections, or simply the distance between nodes. 

The natural mathematical object that can be used to handle a graph is a matrix. A graph G(N,E) can be completely 

described by giving the adjacency matrix A, a N × N square matrix whose entry aij (i, j =1, . . . , N) is 1 if an edge 

exists between nodes i and j or 0 if it does not. The diagonal of the adjacency matrix contains zeros. 

A number of parameters have been introduced to characterize the local and global structure of a graph. These 

parameters are: the node degree, the clustering coefficient, the path length, the centrality, the modularity, and others 

[3, 4]. In a graph G(N, K), the degree (ki) of a node i is the number of links incident to the node and is calculated as: 

 





Nj

iji ak                                                                                                                      (1)                                                                                                      

where aij is the (i,j) term of the adjacency matrix.  

In directed graphs each node may have different numbers of ingoing and outgoing edges; correspondingly one can 

define: in-degree and out-degree distributions for such graphs. The total degree for the directed graph is defined as 

the sum of the number of ingoing edges and the number of outgoing edges. The mean degree over all the nodes in G, 

referred to as the average degree, measures the extent to which the graph is connected. In a weighted graph, the 

natural generalization of the degree Ki of a node i is the node strength si [5], defined as the sum of all neighboring 

link weights: 

 

                                       



Nj

iji ws                                                                                                                            (2)                                                                                                       

Where wij is the weight of the link connecting node i to node j. 

The clustering coefficient ci of a node i with degree Ki is usually defined as the ratio of the number of existing edges 

(Ei) between i’s neighbours, and the largest number of edges between them. In the present study, since the weighted 

graph was complete, we used the definition as [6]: 
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The clustering coefficient ci ranges between 0 and 1. Usually ci is averaged over all nodes to obtain the mean 

clustering coefficient C of the graph: 
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The clustering coefficient of a graph provides information about the level of local neighbourhood within a graph, 

expressing how close the neighbours of a node are connected to each other. It measures the level of local 

connectedness of a graph.  

Another important measure is the average path length L. Typically; shortest paths play a key role in the transport 

and communication within a network. In the case of an unweighted graph the path length or distance dij between two 

nodes i and j is the minimal number of edges that have to be traveled to go from i to j. The average path length L of 

a graph is the mean of the path lengths between all possible pairs of nodes: 
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The average path length of a graph describes how close, on average, a node of the network is connected to every 

other node in the network, providing information about the level of global connectivity of the network and about 

how efficiently the information can be integrated between different systems of nodes. The degree distribution, the 

clustering coefficient and the average path length are the core measures of a graph.  

Graph analysis has been used in the study of models of neural networks, anatomical connectivity, and functional 

connectivity based upon functional magnetic resonance imaging (fMRI), electroencephalography (EEG) and 

magnetoencephalography (MEG) [7]. The graph theoretical studies of functional resting state fMRI data have 

marked that the human brain is organized according to a highly efficient and cost-effective small-world topology 

with an optimization towards an high level of information processing and information integration across the 

different sub-systems of the brain network [8, 9]. Biological networks are commonly represented by graphs, and 

specifically different graph models have been proposed to study the brains functional connectivity [10, 11]. 

There are several resting state fMRI studies examining functional connectivity between brain regions have revealed 

new fundamental insights in the organization of the human brain and provide a new and promising platform to 

examine hypothesized disconnectivity effects in neurologic and psychiatric brain diseases [12-14]. Among the 

functional networks, the default mode network (DMN) consists of areas showing more activation during rest than 

during a cognitive task. The default network exhibits correlated activity at rest and has shown decreased activation 

during performance of cognitive tasks [15, 16]. There has been little investigation of changes in connectivity of this 

network during task performance. More recently, it has been demonstrated that the brain regions primarily 

associated with the default mode exhibit correlated, low frequency (0.01-0.08 Hz) oscillations during rest [15, 17].  

The set of regions belonging to the DMN include: anterior and ventral medial prefrontal cortex (aMPFC, vMPFC), 

left and right superior frontal cortex (LSFC, RSFC), left and right inferior temporal cortex (LITC, RITC), left and 

right lateral parietal cortex (LLPC, RLPC), posterior cingulate cortex (PCC), Retrosplenial (Rep), and Cerebellar 

tonsils (Cereb) [18, 19]. At rest, activity levels in different areas of the DMN, characterized by the magnitude of the 

low frequency blood oxygenation level-dependent (BOLD) fluctuations, are highly heterogeneous. The low 

frequency fluctuations of the BOLD signals in different regions of the DMN are shown to be correlated even when 

the brain is free from any externally imposed tasks [20, 21].  

The quantitative analysis of structural connection patterns using graph theory tools provides several insights into the 

functioning of neural architectures [8]. For an overview with respect to applications to brain connectivity, see the 

review by Bullmore and Sporns [22]. The aim of this work is to explore the properties of the DMN in the framework 

of graph theory and the alterations induced on it by a cognitive task, with respect to the resting condition.  
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2. MATERIALS AND METHOD  

2.1. Subjects  

Fourteen healthy right-handed volunteers (mean age [SD] = 30[5] yrs; 5 female) were recruited for this study. 

Volunteers were excluded if they had any medical, neurological, or psychiatric disease. All volunteers participated 

in this study after giving informed consent in accordance with S. Lucia Foundation Institutional Review Board. All 

participants have been trained 30 minutes outside the scanner before their first experimental session, to ensure that 

subjects had a clear understanding of the task.  

During the resting experiment the scanner room was darkened. Throughout the entire resting state scanning session 

subjects were instructed to think of nothing in particular. The subjects were lying supine in the MRI scanner and 

were instructed to rest quietly but alert keeping their eyes open and looking at a fixation crosshair presented in the 

center of the subjects field of view to limit eye movements and to stay awake at all time. All subjects in our study 

performed the task successfully (with high performance scores) and none fell asleep during the resting state period. 

Two subjects were excluded from the analysis for widespread movement reasons (z-axis translation > 2mm).  

2.2. Data Acquisition  

All subjects were scanned using a 3T Siemens Allegra system (Erlangen, Germany) 

(http://www.medical.siemens.com/). Functional data were collected by using a 2D gradient echo planar sequence, 

sensitive to Blood Oxygen Level Dependent (BOLD) contrast, with repetition time (TR): 2100 ms; echo time (TE): 

30 ms; number of slices: 33 (interleaved); slice thickness: 2.5 mm; matrix size: 64×64; flip angle: 7
o
; in-plane 

resolution: 3×3mm
2
. 

Structural data were also acquired and included a high resolution (1.33×1.33×1 mm
3
) sagittal, T1 weighted 

magnetisation prepared rapid gradient echo scan (TR/TE = 2000/4.38 ms, Flip Angle= 8
o
). Subject’s heads were 

well stabilized using pillows. During the experiments, respiration and cardiac signals were recorded using a 

pneumatic belt and a pulse oxymeter, respectively.  

2.3. Experimental Paradigm  

All subjects underwent:  

A) One functional (working memory) localizer fMRI session. In recent years, variants of the n-back procedure 

have been employed in many human studies to investigate the neural basis of working memory processes. 

Working memory processing of audiospatial information activated areas in the superior, middle and 

inferior frontal gyri, and in the posterior parietal and middle temporal cortices.  

The working memory task consisted of sixteen alternating blocks of experimental (0-back, and 2-back) and 

control conditions. Each experimental and control condition consisted of 15 stimuli presented for 500 ms 

each, with a 1,600 ms interstimulus interval. The stimulus was a pseudo random repetition of the letters "A, 

E, O". Participants were examined under three conditions: rest, easy working memory task (0-back 

condition), and difficult working memory task (2-back condition). In 0-back condition, the subject was 

instructed to respond (pressing a button with the right hand) if the letter heard was the letter "A".  

To perform the 2-back condition, the subject was instructed to respond positively (pushing the left button of 

an MR compatible mouse) if the vowel heard was the same heard twice before, and negatively (right 

button) if it wasn’t. Total scanning duration for functional localizer fMRI session lasted 11 min. During all 

sessions subjects were instructed to maintain fixation on a cross projected on a screen to minimize 

movement.  

B) Two sessions fMRI data were acquired continuously during a continuous acquisition "rest-task" paradigm: 

during the resting stage (duration: 5 mins) participants laid quietly in the scanner with eyes open; during the 

task stage (duration: 5 mins) participants were presented with a continuous 2-back auditory working 

memory test. 

During each n-back task, for each subject, working memory performance was assessed as the average 

percentage of correct responses. All subjects performed experimental epochs with a high level of accuracy. 

All included subjects reached a performance greater than 75%.  

2.4. Images Preprocessing   

Data were then preprocessed using statistical parametric mapping (SPM8) software package 

(http://www.fil.ion.ucl.ac.uk/spm/) and homemade developed software coded in MATLAB. The physiological noise 

http://www.medical.siemens.com/
http://www.fil.ion.ucl.ac.uk/spm/
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fluctuations were corrected using RETROICOR [23], while low frequency respiratory and heart rate effects were 

removed by using RVHRCOR [24]. Images of the first four scans were discarded before further processing to make 

sure that the MR signal had reached steady state. 

Several processing steps were used to optimize the voxel-wise analysis. Sources of spurious variance were removed 

from data by means of linear regression of six parameters (three translations and three rotations) obtained by rigid 

body correction of head motion. Most data analysis schemes assume that every voxel was sampled at exactly the 

same time. Slice acquisition correction compensates for staggered order of slice acquisition. Data were temporally 

band pass filtered (0.009Hz < f < 0.15Hz). In the final step of the preprocessing pipeline, the data were spatial 

smoothed with an isotropic Gaussian kernel of 8 mm full-width half-maximum [FWHM]; this is indeed a common 

practice to digitally smooth fMRI data in space prior to statistical analysis.  

2.5. Regions of Interest  

The anatomy of the DMN has been characterized using multiple approaches. The DMN was originally identified by 

its consistent activity increases during passive task states as compared to a wide range of active tasks. The functional 

localizer run was used to define both DMN regions, which showed task related decreases of signal intensity, and 

regions that showed task related increases activity. After the standard preprocessing (realignment, slice timing 

correction, registration to the high resolution image and smoothing) data analysis was performed in two steps first 

level, and second level analysis. 

The first level model specified by a design matrix, contained factors modeling the onsets of the 0-back and 2-back 

conditions as well as the instructions that were presented during the task. These factors were convolved with a 

canonical hemodynamic response function. As the single subject statistics were then to be fed into a multi-subject 

second level analysis, thresholding was not in general carried out on the first level results. 

Second level analysis was performed for the twelve participants using the first level statistic maps. The resulting 

statistic maps were used to determine which brain regions showed task related decreases of activity and which 

showed task related increases of activity. Statistical analyses of the activation study (task vs. rest) at subject level 

and at group level were carried out using SPM8. To generate regions of interest, for each subject, we included 

significantly active voxels for that individual within 8 mm radius of the maximum voxels above (thresholded at 

P<0.001, unc.). 

2.6. Extraction of Resting State Time Series 

 Resting state and cognitive task data from twelve volunteers were included in the analyses. For each subject, twelve 

ROIs within 8 mm radius were defined. For each of the 12 ROIs, a resting state and cognitive task time series was 

extracted separately for each individual. The resting state (DMNRest) and cognitive task (DMNTask) time series were 

correlated region by region for each subject across the full length of the time series, creating 24 square correlation 

matrices (12×12).  A matrix is representing the strength of the association between each pair of nodes in a graph. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Schematic illustration of the topological network analysis. 
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2.7. Topological Analysis  

The study aims to explore the topological properties of the DMN in the framework of graph theory and the 

alterations induced on it by a cognitive task, with respect to the resting condition. All the topological analysis steps 

are applied on the resting state data (DMNRest) and the cognitive task data (DMNTask) separated. 

Once defined the 12 ROIs, subject by subject, we computed the correlation coefficient between each pair of ROIs 

mean time series. Thus for each subject, we obtained a 12×12 matrix, whose elements represent the strength of 

functional connectivity between the regions of the DMN. 

These allowed us to model the DMN as an undirected weighted graph of nodes (ROIs) and edges (ROI-ROI 

connectivity), being the correlation values between to nodes the weight associated to the edge connecting them. To 

represent the architecture of the graph we used a set of matlab function and the free software Pajek 

(http://pajek.imfm.si/doku.php). The network topological analysis pipeline is shown in figure 1. 

In order to investigate the statistical properties of the DMN network a set of measures have been used, including: the 

node strength, clustering coefficient, and the shortest path length. A matlab toolbox [25] allowing the calculation of 

these and other graph theory measures is available at (http://www.brain-connectivity-toolbox.net). The explored 

topological properties of the DMN in resting state and cognitive task conditions are compared. 

3. RESULTS 

3.1. Regions of Interest  

The DMN regions were identified using the functional localizer data. Several task negative regions were identified 

as the ones showing task related decreases with the highest peak z-scores (control>2-back, p < 0.001, unc.). Figure 2 

shows the activated and deactivated regions across subjects. The default mode network (task negative) included 

ventral medial prefrontal cortex (vMPFC), dorsal medial prefrontal cortex (dMPFC), posterior cingulate/ precuneus 

(PCC), left Lateral parietal cortex (LLPC), right Lateral parietal cortex (RLPC), right superior frontal cortex 

(LSFC), left superior frontal cortex (RSFC), right inferior temporal cortex (LITC), left inferior temporal cortex 

(RITC), right parahippocampal gyrus (RPHC), left parahippocampal gyrus (LPHC) and Retrosplenial (Rep), which 

are listed in table 1 together with the abbreviations used to refer to them in this study.  

The coordinates of the ROIs were obtained as shown in table 1. All of ROIs were defined as a spherical region with 

a radius of 8 mm at the center of the obtained coordinates of a priori ROI. A regional mean time series was 

estimated simply by averaging the fMRI time series over all voxels in each ROI.  

Table 1. Deactivated brain regions during working memory task. 

Regions Abbreviations BA Z-score Coordinates 

Posterior Cingulate/ Precuneus PCC 23/30 14.38 -2,-48,28 

ventral Medial Prefrontal Cortex vMPFC 10/11 8.16 -2,49,-4 

dorsal Medial Prefrontal Cortex dMPFC 10/32 12.67 3,85,20 

Right Lateral Parietal Cortex RLPC 39 3.77 56,-61,28 

Left Lateral Parietal Cortex LLPC 39 10.49 -49,-64,30 

Right Superior Frontal Cortex RSFC 9/8 7.15 -13,38,48 

Left Superior Frontal Cortex LSFC 9 6.14 15,44,47 

Right Inferior Temporal Cortex RITC 21 7.31 62,-11,-19 

Left Inferior Temporal Cortex LITC 21 4.35 -60,-17,-17 

Right Parahippocampal Gyrus RPHC 30 8.55 26,-26,-28 

Left Parahippocamal Gyrus LPHC 30 9.56 -25,-29,-19 

Retrosplenial Rep 30/29 3.65 -2,-52,9 

 

http://pajek.imfm.si/doku.php
http://www.brain-connectivity-toolbox.net/
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Figure 2. Group level map for activated (p < 0.001, uncorr, red), and deactivate (p < 0.001, uncorr, cyan) brain 

regions. 

3.2. Topological Analysis  

Since the time series extracted from twelve ROI’s voxels of resting state and cognitive task data, we generated 

correction matrix. All graph theoretical calculations were performed in Matlab 7.5. We only used weighted 

undirected graphs, and we did not allow for regions to be connected to themselves. We use the computer software 

Pajek for network analysis and visualization. In Pajek, a network is defined in accordance with graph theory: a list of 

nodes and lists of arcs and edges, where each edge has a value. In general, we use automatic procedures, which 

generate an optimal 

layout of the network, 

when we want to 

explore network 

structure. 

 

 

 

 

 

 

 

 

 
 

 

Figure 3. The regions of the DMN are graphically represented with lines depicting correlation strengths. 

Structure of DMNRest and DMNTask networks and normative estimates of the correlation strengths between regions 

within the default networks are provided in figure 3. Each ROI corresponds to a node, and the edges are defined by 

the correction coefficient between ROI time series. All networks have 12 nodes and 132 connections with nodes 

arranged on a circle, and visualized using Pajek. Here the weights of the edges are indicated by the thickness of the 
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lines. The strength of correlation indicated with gray scale. The analysis reveals that the correlational strengths 

between the DMN regions during task DMNTask are generally weaker than those observed for DMN regions during 

rest DMNRest. However, it is important to note that there were significant differences in the strength of some 

functional connectivities between the DMNRest and DMNTask. 

Now we turn to describe statistical properties of these networks: clustering coefficient, strength, and path length. 

The structural properties of a graph are usually quantified by the average path length and the clustering coefficient. 

Table 2 summarizes the results for the topological networks analyzed showing the average values of clustering 

coefficient, and strength for DMNRest and DMNTask networks.  

 

 

 

 

 

 

 

 

 

 

Figure 4. The centering coefficient values for DMNRest and for DMNTask 

The clustering coefficient is an index of local structure, and has been interpreted as a measure of resilience to 

random error. The clustering coefficient have been proposed for weighted networks, only the weights of the edges 

connecting the neighbours of a node are taken into account, while the edges connecting this node to its neighbours 

are all given a weight of 1 [5]. Figure 4 shows the clustering coefficient values for each ROI of DMNRest and 

DMNTask. As shown in table 2, the clustering coefficient ranges between 0 and 1.  

The clustering coefficients DMNRest nodes are larger than the clustering coefficients DMNTask nodes. Analysis of this 

graph yielded the average clustering coefficient of DMNRest and DMNTask networks are 0.684±0.0177 and 

0.6377±0.0183, respectively. The DMNTask networks have low average clustering whereas DMNRest networks have 

high clustering, these associated with high local efficiency of information transfer and robustness. These results 

indicate that, the DMNRest networks have higher local efficiency and robustness than the DMNTask networks.  
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Figure 5. The strength values for DMNRest and for DMNTask. 

 

 

Table 2. Clustering coefficient, and strengths values for DMN networks. 

ROI's 

clustering coefficient strengths 

DMNRest DMNTask DMNRest DMNTask 

PCC 0.7158 0.6748 8.1617 7.7736 

vMPFC 0.7002 0.6561 7.8712 7.4839 

dMPFC 0.6894 0.6523 7.7500 7.4183 

RLPC 0.6713 0.6242 7.3886 6.8966 

LLPC 0.6917 0.6242 7.7354 6.9116 

RSFC 0.6534 0.6192 7.1005 6.8385 

LSFC 0.6685 0.6393 7.3631 7.2012 

RITC 0.6948 0.6130 7.7715 6.7501 

LITC 0.6795 0.6260 7.5168 6.9161 

RPHC 0.6820 0.6393 7.5624 7.1561 

LPHC 0.6641 0.6306 7.2497 6.9621 

Rep 0.6984 0.6537 7.8541 7.4180 

Average±SD 0.684±0.0177 0.6377±0.0183 7.6104±0.3021 7.1438±0.3183 
 

Figure 5 shows the average value of the strength for each ROI (node). As shown in table 2, the strength values of 

DMNRest nodes are larger than the strength values of DMNTask nodes. The average value of the strength across all 

nodes was 7.6104±0.3021 and 7.1438±0.3183 for DMNRest and DMNTask networks, respectively. These results 

provide that, the functional connectivity between the activated brain regions during resting state (DMNRest) more 

strong than 

functional 

connectivity 

between the 

deactivated 

brain regions 

during working 

memory task 

(DMNTask). 
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Figure 6. The characteristic path length values for DMNRest and for DMNTask. 

In previous study, they found that network performance was mainly determined by the network average path length, 

the shorter path length, the better the performance [26, 27]. Figure 6 shows the average path length for different 

subjects. Fittings of the numerical results are given in table 3. The average path length [the shortest path connecting 

regions averaged across all pairs of regions] of the DMNRest graph was much smaller (1.3658±0.0514) than that of 

DMNTask (1.4047±0.0904) graphs, as shown in table 3.  

 

Table 3. The average path length for different subjects. 

Subjects 

Path length 

DMNRest DMNTask 

S1 1.3510 1.2622 

S2 1.3004 1.3464 

S3 1.4051 1.3804 

S4 1.3434 1.4123 

S5 1.3278 1.4270 

S6 1.3472 1.2937 

S7 1.2875 1.3758 

S8 1.3959 1.4759 

S9 1.4349 1.3638 

S10 1.4633 1.5953 

S11 1.3706 1.4282 

S12 1.3624 1.4952 

Average±SD 1.3658±0.0514 1.4047±0.0904 

 

The short average path length further indicated that the DMNRest graph consisted of several distinct and clumpy 

components. However, it is important to note that shorter average path length predicted stronger functional 

connectivity between regions of DMNRest than functional connectivity between regions of DMNTask. That average 

path length is an important predictor of network performance, our study showed that the DMNRest network better 

performance than DMNTask network. 
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Figure 7. The percentage change in topological parameters between DMNRest and DMNTask. 

To summarize the topological networks analyzed, we draw the percent of change in clustering coefficient, strength, 

and path length between DMNRest and DMNTask networks. Figure 7 shows the average clustering coefficient of 

DMNTask network 6.78% less than the average clustering coefficient of DMNRest network. While the average 

strength of DMNTask network 6.13% less than the average strength of DMNRest network. The average path length of 

DMNRest is slightly smaller (2.77%) than the average path length of DMNTask. These results provide that, DMNRest 

network have high local efficiency of information transfer, robustness, and better performance and high correlational 

strengths more than DMNTask network.  

4. CONCLUSIONS   

In conclusion, this study has used brain regions involved in DMN as seeds in topological network analysis, and 

explored the topological properties of the DMN in the framework of graph theory and the alterations induced on it 

by a cognitive task, with respect to the resting condition. The topological network analyses were carried out using 

Pajek software package and homemade developed software realized in MATLAB.  

In the present study, using weighted graph theory, because the choice of the threshold (to convert a matrix of 

correlations to an unweighted graph) remains a bit arbitrary, and studying a whole range of thresholds may raise 

statistical problems (type II errors). One way out may be to model correlation matrices as weighted graphs, taking 

into account the full information available. 

Our study showed that significant differences in clustering coefficient, strength, and path length between DMNRest 

and DMNTask networks. The principal finding of the present study is that the default mode network of resting state 

condition (DMNRest) have high local efficiency of information transfer, robustness, better performance and high 

correlational strengths more than the default mode network cognitive task condition (DMNTask). 
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