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ABSTRACT
We prove both local and global Poincaré inequalities with the variable exponent for differential forms in the John

domains and L° -averaging domains, which can be considered as generalizations of the existing versions of Poincaré
inequalities.
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1. INTRODUCTION

The Poincaré inequalities have been playing an important role in analysis and related fields during the past several
decades. The study and applications of Poincaré inequalities are now ubiquitous in different areas, including PDEs
and potential analysis. Some versions of the Poincaré inequality with different conditions for various families of
functions or differential forms have been developed in recent years. For example, in 1989, Susan G. Staples in [1]

proved the following Poincaré inequality for Sobolev functions in °-averaging domains. If o is an L
domain, p > n, then there exists a constant C, such that

-averaging

Up

1
(—Jolu-up 1” &P <o)’ blul® a0

m(D) m(D)
for each Sobolev function u defined in D, where the integral is the Lebesgue integral, and m(D) is the Lebesgue
measure of o as appeared in [1], see [2-10] for more results of the Poincaré inequality. In this paper, we will

establish the Poincaré inequalities with the variable exponent for differential forms in the John domains and L’ -
averaging domains, so that many existing versions of the Poincaré inequality are special cases of our new results.

p(x) K, p(x)

In [11,12], spaces of differential forms are discussed in great details. Meanwhile in [13] ™" and w spaces are
discussed and used to study the solutions of nonlinear Dirichlet boundary value problems. In this paper, we

p(x) 1,p(x)

introduce L™ (Q, Al) and w (Q,A') spaces. We also discuss the Poincaré inequalities with the variable exponent

for differential forms in the John domains and L° -averaging domains.
2. PRELIMINARIES
Let e,e,,....e, denote the standard orthogonal basis of R". The space of all 1 -forms in r" is denoted by A'(R”).

The dual basis to e,,e,,...e_ is denoted by e',e’,---,e" and referred to as the standard basis for 1-form A*("). The

n

Grassman algebra ArM=eal(R") is a graded algebra with respect to the exterior products. The standard ordered
basis for A(R") consists of the forms

FOr a(=Xa (9e' cA'®") and p(x) = L4, e’ <A’ ®"), its inner product is obtained by <a. s >=Xa, (95 (x With
summation over all 1—-tuples 1=,---iy) and all integers 1=0,1--.n. The Hodge star operator (see [14])

«:AR") > AR") defined by the formulas:

1 2 n 1 2 n
*xl=e Ae a8, arxf=Fr a=<a,f>€ Ae ---ne.
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Hence norm of « is given by the formula | & =< a,a >= «(a » xa) = T, (W, (x) e A°(R") = R" . Notice, the Hodge
star operator is an isometric isomorphism on a(rR") . Moreover
1(n-1)

A RY S AT RY, k=)' AR 5 A R

where | denotes the identity map.

Let o< Rr" be a bounded domain. The coordinate function x.x,,---x, in @ Rr" are considered to be differential

n

forms of degree 0. The 1-forms dx,, dx,, .., dx, are constant function from o into ' (R"). The value of ax, is simply

¢'.i=12-.-n. Therefore every 1 -form «: o - A'(R") may be written uniquely as
a(x) =X a (X)dx, = z G . (x)dxi1 A A dxiI

1<iy <-<ij<n
where the coefficients o, . (x) are distributions from p'(@), dual to the space of smooth functions with compact
supporton a.

We use D'(Q,AI) to denote the space of all differential 1-forms. For each form «(x) e D’(Q,Al) the exterior
differential o : o', A"y - D@ A"™) is expressed by
aail’___il (x)

da()= 2 %

ax, Adx Ao adx .
k=11<ij <--<ij <n X 1
k

L]
The formal adjoint operator, called the Hodge codifferential, is given by
d = )" ade @A™ S oAy,
We by c” @'y denote the space of infinitely differentiable 1-forms on o and by c, @Ay denote the space

c” @Ay with compact supporton .

The operator k, with the case y - o was first introduced by Cartan in [15]. Then, it was extended to the following
version in [12]. To each y < o, there corresponds a linear operator k,:c*@")—»c*@a'*) defined by
Ky (W(6& & & 1) = [t 2O+ Y~y = y.8.6. . & ).
A homotopy operator T : cw(g,A') - cw(g,A'_l) is defined by averaging K, over all points y e @
Tu = lag(y)K, (u)dy
where 4 <c, () is normalized so that [,¢(y)dy =1, and we then obtain a pointwise estimate
[u(y) |

I Tu(x) < 2" (@)l —— 7 dy,
[x-yl

and the decomposition u = d(Tu) + T (du) . and split a%(m) = Au+S,u, Here

n
2 u(Q) [u(z) |

| AU [< = R — dz
diam(Q) [ x—12|

S,u(x, &) = [pu(z, K, (z,x - 2), £)dz
where ¢ = (&,¢,.-- &) . Here, first notice that foreach z< o and h e R" {0},
(i) K @msu@i ",
(ii) K@z sh) =s "K;(zh),s>0,

(iii) [naK;@zh) =0
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for all z <. We are now in a position to use the Calderdn-Zygmund theory of singular integrals. According to [16]
we have

IS0 150 g3y S C0 PO 1 sy g L < P < 0
where c(n, p) does not depend on «.
In [12], we then obtain a pointwise estimate
n [u(y) |
| Tu() =27 (@) fp ——— - dy
[x=y]|
for xe F cQ, suppg = F, where
) n+l
(diamQ)
uQ)=———.
Jodist(y, 6Q)dy
If o isaballin r", then
n+l
2 n(n+1)
uQ)=——m—m—m—
O-n—l

where o, , denotes the surface area of the unit sphere in r".

We define next the following classes of differential forms with L” -integrable coefficients.
e (Q,AI) is the space of differential 1 -forms with coefficients in " (@), 1< p < ». The norms are given by

1
1)l p gy 01, = Gl @00 1” B)P. 1< p <on

e

=esssup | a(x)|.
XeQ

L°(@,Al)
w"? @ A') is the space of differential 1 -forms » < L” (@, A') such that dw < (”@,A"™), 1=0,1---n-1. For w"* (@A)
the norm is

H a(X) HWLp(Q’AI)ZH a(X) HL"(Q,A') + || dO{(X) ||LD(Q,AI+1) .
We define the 1 -form u_ < D@, A') by

e 7 lau(y)dy, for 1=0
@ d(Tu), for 1=12,---n
U, . U, -

for uel"(@A'). @< p=w). Clearly ~ isa closed form and for I> 0, 2 js an exact form.

Next we recall some basic properties of variable exponent Lebesgue spaces P

spaces w*"™ (), where o < r" is a bounded domain.

(@) and variable exponent Sobolev

Let p(a) be the set of all Lebesgue measurable functions p:o —[1«]. FOr peP(Q) We put o, ={xecQ: p(x) =1},

.
O, ={xeQ:p(x) ==}, Q =\ (Q Q) P, =esinf, P and p = esssup, P(X) -

p(x)

Under the condition (1.3) the variable exponent Lebesgue space L (o) is the class of all functions u such that

p(x)

lona, | AU(X) P dx+esssup, | Au(x) < for some 2=au)>o0 and L (o) is a reflexive Banach space equipped with

the following norm

: Uop u
lu HLP(X)(Q): inf{1>0:], " | dx + esssupgy | ~ <13
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The variable exponent Sobolev space w'P™(q), is the class of all functions uel”™ (@) such that
p(x) k,p(x)

Su = o ulakrc ™ (@ and w (@), Is a reflexive Banach space equipped with the following norm

(24
[lu ||Wk.p(x)(m: Z D ul

sk L @) -

For a differential 1 -form f(x) on o we define the functional P by

_ p(x)
P! (f) = I, | F(0) dx +esssup,, | f(X)].

Definition 2.1. Variable exponent Lebesgue spaces of differential 1 -forms L% @, AI) is the set of differential 1 -
forms f such that P oo (4f) <o forsome 4= i(f) >0 and we endow it with the following norm

|| f ||Lp(x)(Q’A|): inf{1>0: pp(x ) <1}

f
),AI (7

1,p(x)

Definition 2.2. Variable exponent Sobolev spaces of differential 1 -forms w @'y is the space of differential 1 -

p(x) p(x) Lp(x)

@A™ with 1 =0,1,--.n—1. For w""™ @, "y the norm is defined as

I,

(Q,AI) such that df <L

I F,

forms feL

1.p(><)(Q’A|)= 1,p(x)(Q’A|) + H df ||W1’p(x)(Q,AI+1) .

We first introduce the following limmas that will be used to prove the Poincaré inequalities.

Lemma 2.1. (T. Iwaniec and A. Lutoborski [12]) Let uep(@ay and df « "™ @ a'™). Then u-ug is in

PP 6 A"y and

np/(n—p) dx)(”—P)/”P

(folu-u, | <cn, p)lol du | 00",

for o acubeoraballin R", 1=0,L--.n-1and 1<p<n.

3. THE LOCAL POINCARE INEQUALITIES

1

Lemma3.1. Let uep'@.a'y and duc (@A) . Let 1< p<n and p<q<p" be fixed exponents. Then

1,11
o

n
lu <C(np) Q| [l du ||

—-u
Q HLq(Q,AI) Lp(Q,AI+1)

If p=n and q <« then

1
o+

1
<CO.a) Q] TP du

1
Il u P

-u
0 ”Lq(Q,AI Lp(Q,A”l)

for @ acubeoraballin rR", 1=0,1--.n-1 and p" denoted the Sobolev conjugate of p<n,p  =np/(n-p).

Proof. The case 1< p<n and q=p is by Lemma 2.1.The case q<p follows from this by standard arguments: we

choose s < (1, n) such that s = g (ors=pifq< 7 ). By Holder’s inequality and Lemma 2.1 we obtain
1 1 * s
v qoF v
Golu-ug T 00" P <@ S olu-u, F a9

1_ 1
<C(np)QY 8™ (,ldusda)l/s

%‘L* 5 1/
<c(n.p)Q” SR P (fldulPax)”P

1,11
scpe™ 9 P

which is clearly equivalent to the inequalities in the theorem.

(fgldulP ax)!' P,
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Theorme 3.1. Let vep(@a) and ael’@a™). If p;<(p;)” OF py=n and p, <. Then u—u, is in

w"® @, A"y and there exists a constant ¢ = c(n, p) such that

+

2
Iu =g a1y < GO0 DA+ 1 QD" 1 Q| I du |

Sl

S
s

Lp(x)(g’/\lﬂ)
for o acubeoraballin R", 1=0,1--.n-1.

Proof. Assume first that p; < (pc;)* . Since p(x) < p; < (p(;)* we obtain by [13, Theorem 2.8] and Lemma 2.1 that

lu-ug Il S@HQNNu=ug I
Q Q LpQ (Q,AI)
1,1 1
"pd po
<C(n,p)A+HQDIQI ™ i du| 0
LR (Q.A

LP(X) (Q.A")

I+l)

1,1 1

n + ~
<CnP)AHDZRL " " Il iy 41

Thecase Py 2N and pg <00 issimilar.

4, THE GLOBAL RESULTS IN 6 -JOHN DOMAIN
Definition 4.1. A proper subdomain a is called a s -John domain, s > o, if there exists a point x, < o which can be

joined with any other point x e @ by a continuous curve y = o so that
d(&.0Q) 26| x=¢ |
for each ¢ < ». Here, d(&, a0) is the Euclidean distance between ¢ and ao .

We will need the following lemma 4.1 appeared in [17]
Lemma 4.1. Each o has a modified Whitney cover of cubes F - {;} which satisfy
LiJQi = ’ QEWX\/;QgNXQ
forall x<r" and some N >1 and if q; NQ; = @, then there exists a cube r(=F) in ¢ NQ; suchthat Q; UQ; = NR.
Moreover if o is s-John domain, then there is a distinguished cube q, < F which can be connected with every cube

Q < F byachainof cubes Q,.q;....q, =@ from r and such that @ c pq;.i=0.1.2,..k, for some p = p(n,s).

Bounded quasiballs and bounded uniform domains are John domains. See [18] and [19]. In such domains we have
the following global result.

Lemma 4.2. Let o <Rr" be a bounded and convex John domain. Let u < D’(Q,AI) and due P (Q,A|+l) .Let1<p<n

and p<q<p be fixed exponents. Then

=

+3-

ol

=gy o a1y = P Q1T Pldul g

If p>n and q< then

Sl

-

ol

lu=ug | <C(n,q)| Q] [l du | 141

9.l LPaA™h

for 1=0,1--.n-1 and p" denoted the Sobolev conjugate of p <n,p" =np/(n-p), and the constant N >1 appeared in
Lemma 4.1.

Proof. First, we use Lemma 4.1 for the bounded and convex John domain . There is a modified Whitney cover of
cubes F ={Q;} for o such that
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LiJQi -q , QEZWX\EQ < NX,,
forall x<Rr" and some ~ -1 and if q NQ; » @, then there exists a cube r(z F) in Q NQ; such that q; UQ; = Nr.
Moreover, there is a distinguished cube q, < F which can be connected with every cube q<r by a chain of cubes
Q- @.--Q =Q from r and such that @ c pq;.i =0.1.2....k, for some , = p(n.s) . Then by the elementary inequality
@@+b)’ <2°qal’ +|b>)s >0, we have

v
(ol -t 17 e

:(qui \uquO [ dX)l/q
<(x 29, -y, Boxe2d ], fu, -u, Pao (4.1)
QjeF

<C(MP)( X [ lu-uy [Ya0V9+( 5 |, lu, -u, Faxy%)
QjeF

QjeF
The first sum in above formula can be estimated by using Lemma 2.1

g3

q

q a

E Jylu-uy P dx<C(p.a.n) = |Q | (Io, 1 du |” dx)
QjeF

QieF i

(3+3-%a o
<C(p.gmIQ™ & P73 ([,ldulP z, dx)P

Qj<F

q
1.1 1

<C(p.anN)Q T B duPax) "

So that

Sl

1
*q

k=13

1
(2 fglu-u, ' 0™ <C(p.q.n.N) | Q] (ol du |” dx)” (4.2)
QeF 1

To estimate the second sum in above formula, we need the property of John domain. Fix a cube @ <F and let

Q = Qiy Qs Q4 = Q be the chain in Lamma 2.2. Then we have

(4.3)

k-1
-u_ < 2|u
a5

[u . —Uo |
Qo Qij Qij

The chain 9 also has property that, for each j, j=01--. k-1, Qi "Quy,y F Thus, there exists a cube o; such

that o: co. nQ  and Q. uQ:. < NQ:,N>1.S50,
P a i~ Tja !

max Qi L1 Qi B med Qy kI QD

< ! <C(N) (4.9
Qij inj‘Fl |Qj \
By (4.4) and Lemma 2.2, we have
q . q
lun. —Un, f=————0. A0 lUs —Un [ dx
LTI P R T
] j+
Cc(n) q
S 1 k - d
) RIS PR TR

max{] Qij L | Qij+1 }

cm’s g % d
< n . | U—Un. X
Cirg, |k
k
-

e P ]
<c(n) . ———— (g Idu” 0

K=l k

a’p

214



IJRRAS 14 (2) e February 2013 Guo e Poincaré-Type Inequality for Variable Exponent Spaces

Then by (4.3) and the elementary inequality | M¢; '< MM t; |, we finally obatain

k-1 j+1 G-3)a
axscpan iy 2g | "
i qeF ' j=0k=j 'k

j €

p a/p
2 Jalug, —t (ol du |” o)

1.1
<c(pam £ I, g™ P auPa’P

QjeF

1 1. 1
<c(pan) 3 [ NP

QjeF

(I, ldu/Pdx)4'P

1.1 1
<c(pame e

We have completed the proof of Lemma 4.2.

([, lduPdx)dP

Theorme 4.1. Let o < r" be a bounded John domain. Let u e o, Ay and au e P @ A" . If b, <(p,) OF p_ >n

and p;, <. Then u-u, isin w"*™ (q,a') and there exists a constant c - c(n, p) such that
1,1 1
2 " ps Pa
lu-ug | <c(.p@+ Q)T Q] " du

LP(X) (Q,AI) LP(X) (Q),AH]'

fori1=o0,1--,n-1.

Proof. Assume first that p; < (p;))* . Since p(x) < p; < (p;)* we obtain by [13, Theorem 2.8] and Lemma 2.1 that

1= 0,0, < AT 2D U=t I

1 1
[Rameam—

1
<C(n,p)(I+aflof" P |du]

Lpﬁ(Qquﬂ)

1,1 1

11
n + —~
<C(n,p)aHa)ol’ % B dul 1

The case p, >n and p, < issimilar.

5. THE GLOBAL RESULTS IN L°-AVERAGING DOMAINS

Definition 5.1. (S.G. Staples [1]) A proper subdomain o is called an *-averaging domain, s =1, if there exists a
constant ¢ such that

(i lolu-u, r dx)l/S < C sup (i Jslu—ug P dx)l/S

Q| BcQ | B|
forall ue LS|OC (@) . Here, | o is the n-dimensional Lebesgue measure of o and supremum is over all ball B c &.
In such domains we have the following global result.
Lemma5.1. Let o <" be an (" -averaging domain, q>1. Let ueo@.a') and au <’ @ A" . Then

1,11
<C(ng)|e|" * Plldull

Ju-u, ||Lq(£Z,AI) P @Al
fori=o01--.n-1and px>n.
Proof.
—lalu-u, |q dx < sup — [z |u—ug \q dx
Q| B<Q | B |
(F+g—p)a /
<ssp— )" *°P (fgzldu\p ao*?

B<q | B |

< G-p)a P )4/ P
Ssup|B| (J, 1du]™ dx)
Bc=Q
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So that
b

1
p
[l du|]

lu=g g g 1, S COP) Q] 1

Pty ”

Theorem 5.1. Let o < R be an .°-averaging domain. Let u < o', A"y and due @, 4"™). If n=< pex) <5, then

1,p(x)

u-u, isin w (Q,AI) and there exists a constant ¢ = c(n, p) such that

Q
1,1 1
" ps pa

[l u Il du ||

2
|)§C(n, P+ Q) Q] 41

~Ug Nl P g0 PO (A,

fori=01--,n-1.
Proof. Since n<p, < p(x) < p, <s We obtain by [13, Theorem 2.8], Lemma 2.1 that

fl'u .\
P

S Q)fu-ug, | |
) P2 (a.Ah

—Ug ”Lp(X)(Q,A
1

1
<c(n,p)A-+)IQ™ u-u, |
= ollisq.aly

1,1 1

n + —~
<c(n,p)a-o)iQ P P dul

Lpﬁ (Q,AH'l

)
1,1 1

1
210" P P
<C(n,p)A+HQ)?QY Mo QHdulle(x)(Q’Am)

We know the any s -John domain is an .° -domain (See [1]), s > 1. Hence, Lemma 5.1 and Theorem 5.1 holds if Q
isa s-John domain.
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