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ABSTRACT 

This paper addresses the Vehicle Routing Problem with uncertain demand and capacitated fleet. In particular, 

demands are assumed to be uncertain and no sufficient historical information is available to estimate the probability 

distributions of uncertain parameter values. In this paper, we use Ant Colony System (ACS) meta-heuristic to find 

the problem solutions. First, we use branch and cut algorithm as an exact one to solve the problems with small scale. 

Then, we will extent the general Ant Colony System to obtain robust solution. Finally, we show some comparison 

between the heuristic and the exact solution to validate the heuristic algorithm. 

 

Keywords: Vehicle Routing Problem (VRP), Robust optimization, Heuristic methods, Ant Colony System (ACS)   

 

1 Introduction 

Vehicle routing constitutes a vital aspect of logistics management. The numerous applications of the problem 

include movement of industrial goods along a supply chain, courier services, public transport, urban solid waste 

collection and mobile caterers. Each problem has its own peculiar restrictions that may pertain to vehicle capacity, 

collection and/or delivery, asymmetric distances and specific time windows.  

Uncertainty and variability in demand and travel times affect the industries on three major service dimensions: travel 

time, reliability, and cost [19]. Therefore, it is necessary to develop routing and scheduling tools which could handle 

the uncertainty in every parameter. The main focus of this paper is to study the effects of the uncertainty on demand. 

General VRP solutions cause some violation when parameters are contaminated with perturbation; that is why we 

have to obtain a robust solution, which is good for all possible data uncertainty. 

In this paper, we consider the capacitated VRP (CVRP) with uncertain demand on a set of fixed demand points. 

Since VRP is considered to be NP-Hard [17], it is not possible to use exact algorithms as the number of customer 

increases.  Therefore, we are interested in applying a heuristic to solve VRP with Stochastic Demand (VRPSD). 

During the past few years, the robust optimization methodology introduced by Ben-Tal and Nemirovski [4] has 

considered as an attractive method to use for VRP problems. We use their formulation to form a new problem for 

the VRP with demand uncertainty and the Robust Vehicle Routing Problem (RVRP) to obtain an exact solution for 

the VRPSD. The optimal solution for the proposed problem of this paper is a route which optimizes the worst case 

value over all data uncertainty. We also modify the general ACO for the VRP to cover demand uncertainty where 

the final solution is practically a good estimate of the optimal solution.  

The structure of this paper is as follows. We first discuss the relevant literature in section 2.  Section 3 is devoted to 

present the RVRP formulations for problems with demand uncertainty and show the RVRP which is constructed 

from a combination of Miller-Tucker-Zemlin (MTZ) formulation and demand uncertainty sets and it is another 

instance of a CVRP. Section 4 includes the Ant Colony method and the robust heuristic algorithm. The 

computational results are presented in section 5 and we compare the robust and deterministic cost and unmet 

demand obtained by the exact and the heuristic methods. Finally, the conclusion remarks are given in section 6 to 

summarize the contribution of this paper. 

 

2 Literature Review 

During the past few years, there has been considerable interest on having a good supply chain solution for different 

industries such as comprehensive solution on minimizing transportation of goods to or from a plant (depot) to the 

customers. Such a problem is often referred as vehicle routing problem in the literature. The primary objective is to 

find a minimum cost set of vehicle routes that visit all customers and satisfy demands without violating the vehicle 

capacity constraints. This class of problem was first introduced by Dantzig and Ramser [9]. General surveys of 

vehicle routing research are done by Toth and Vigo [23], Fisher [13], and Laporte and Osman [16]. 
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The VRP is normally formulated as a Mixed Integer Problem (MIP) and there are many branch and cut methods to 

solve such problem [23]. Although VRP is known to be NP-Hard [17] and there is a considerable work on 

developing the exact solution procedures, see for instance Lysgaard et al. 2004; Baldacci et al. 2004; Ralphs et al. 

2003; Fukasawa et al. 2006 [18, 3, 21, 14], in many cases we may be interested in looking for a near optimal 

solution which leads us for heuristic or meta-heuristic approaches such as Genetic Algorithm (GA), Ant colony, 

Simulated annealing, Tabu search etc. Alexandre and Teodor [1] propose a cooperative parallel meta-heuristic for 

the vehicle routing problem with time windows.  

There are three basic classes of SVRP: stochastic customers, stochastic demands, and stochastic travel and service 

times. This paper considers the capacity constrained vehicle routing problem with stochastic demand (VRPSD), 

where only the customer demand is stochastic and all the other parameters are deterministic. The most studied area 

in the stochastic vehicle routing problem literature is the VRP with stochastic demands (VRPSD), and with 

stochastic customers (VRPSC). A major contribution to the study of the VRPSD comes from Bertsimas [6].  

Bertsimas illustrates a priori method with different recourse policies (re-optimization is allowed) to solve the 

VRPSD and derive several bounds, asymptotic results and other theoretical properties.  

Different solution strategies for the VRPSD decide about the allocation of the unused capacity to overcome the 

uncertainty. In this way, unused capacity is calculated by deterministic parameters then it is allocated to meet the 

demands in the worst case.  

We also address the demand uncertainty in the VRP using robust optimization. For the exact robust solution, we use 

a mathematical programming context beginning with the work by Ben-Tal and Nemirovski [4,5] where the authors 

formulate the robust optimization problems of linear programs, quadratic programs, and general convex programs. 

Independently El-Ghaoui et al. [12] study the same robust optimization counterpart for semi-definite programming 

problems. More recently, this approach is extended to integer programming problems [7]. 

Robust solutions have the potential to be viable solutions in practice, since they tend not to be far from the optimal 

solution and significantly outperform the optimal solution in the worst case [14,8]. Robust optimization recently is 

applicable in different fields for instance, Assavapokee et al. propose an iterative algorithm for solving min–max 

regret and min–max relative regret robust optimization problems for two-stage decision-making under uncertainty 

where the structure of the first-stage problem is a mixed integer (binary) linear programming model and the structure 

of the second-stage problem is a linear programming model. The algorithm guarantees termination at an optimal 

robust solution, if one exists [2].  

 

3. RVRP Formulations 

There are many variants of the vehicle routing formulations and obviously each one yields a specific form of RVRP. 

The basic form of this type of problems is known as the Capacitated Vehicle Routing Problem (CVRP) where a set 

of customers is served only once and by a vehicle. All vehicles start from a depot and after serving a number of 

customers must return to the depot. All customers have some predefined demands which must be fulfilled. The 

vehicles have capacities on how much goods can be loaded with. The objective is to find a set of routes fulfilling the 

demands, where either the total cost of transportation or the number of vehicles used is minimized. The two 

objectives can also be combined in a weighted cost function. 

It is important to identify a VRP formulation which leads to a RVRP that is not too difficult to solve. In addition to 

the VRP formulation, the form of the uncertainty sets also influences the resulting RVRP and affects the CPU time 

and other important items. In this section, we first identify the deterministic VRP formulation and demand 

uncertainty sets and then we present the derivation of the RVRP. 

 

3.1 Identifying the VRP Formulation  

In general, most combinatorial problems can be represented as an integer programming formulation. The problem 

described in this section, is based on the Miller-Tucker-Zemlin (MTZ) formulation. In addition to the problem size, 

the difficulty in solving a problem is influenced by three aspects: the input data, the problem formulation and the 

solution procedure [20]. In addition, the fixed general IP solver was the most efficient method to solve the MTZ 

formulation than other arc-based VRP formulations considered in the literature. Another important factor to identify 

a suitable formulation for the robust optimization framework is the nature of the formulation with respect to 

uncertain parameters. Since we are interested in introducing uncertainty in demand, when we consider the parts of 

the formulation related to demand, the MTZ formulation has constraints in the form of inequalities. In the robust 

optimization methodology, it is preferable to have inequality constraints involving uncertain parameters than 

equality constraints and the reason is because it is more difficult to satisfy equalities for all values with uncertainty. 

This formulation is used to compute the exact solution of some small test instances and to examine the performance 
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of heuristic algorithms. Ben-Tal et al. [5] show that even for simple linear programs, if there are uncertain 

parameters in equality constraints the robust counterpart problem is NP-hard. 

The MTZ formulation of the CVRP considers the problem of routing at minimum cost a uniform fleet of K vehicles, 

each with capacity C, to serve the geographically dispersed customers, each with a deterministic demand and they 

must be served by a single vehicle. Let V be the set of n demand nodes and a single depot, denoted as node 0. Let 

id  be the demand at each node i. We consider the fully connected network, and denote the deterministic travel time 

between node i and node j by ijc
. The arc-based model considers integer variables ijx

 which indicate whether a 

vehicle goes from node i to node j or not. In addition, the MTZ formulation includes continuous variables iu
 for 

every i V \ {0} which represents the flow in the vehicle after it visits customer i. The constraints (1.2-1.5) are 

routing constraints and the constraints (1.6) and (1.7) impose both the capacity and connectivity of the feasible 

routes. 

 

(CVRP) 
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We will only consider the uncertainty in (1.6) and replace all id
 with 0 in constraint (1.7).  

 

3.2 Uncertainty in Demand 

We use Bental and Nemirovski’s [5] notation for controlling perturbation of the parameters. Let 
~

ija be the true 

values of the uncertain data entries in ith  inequality constraint, 
j

ijij bxa of (LP) are obtained from the 

nominal values ija
of the entries by the following random perturbations, ijijij aa
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are independent random variables symmetrically distributed in the interval [-1, 

1], and   is the percentage of perturbation. Consider the following LP problem, 
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The uncertainty for some parameters in our model is as follows: 
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We can therefore state the RVRP. This problem minimizes objective (1.1), subject to constraints (1.2), (1.3), (1.4), 

(1.5), (1.7), (1.8). If we reform constraint (1.6) based on Equation 3, the model will be robust against uncertainty. 

 

4 Ant Colony Optimization 

In this section an ACO algorithm to tackle the VRPSD is presented. ACO was first proposed by Dorigo et al. [11]. 

The method is based on the underlying metaphor concerning the trail laying/trail following behaviour of real ant 

colonies whereby collective behaviour in the exploitation of food sources results from the reinforcement of 

promising paths from the nest to a nearby food source. 

The algorithm presented in this paper is based on the Savings based ACO proposed in [22]. Variants of this 

algorithm have already been successfully applied to large scale Vehicle Routing Problems and Capacitated 

Minimum Spanning Tree Problems. A high level description of the Savings based ACO algorithm as it applies for 

the VRPSD is given in Figure 1.  

 

 
Figure 1.The ACO algorithm for the VRPSD 

 

4.1. Modelling of the demand uncertainty for solution construction 

The ACO algorithm presented in Figure 1 needs the value of the actual customer demands to be specified 

beforehand. While this is not a problem in the deterministic version of the VRP, for the stochastic case some 

‘estimate’ of the demand is necessary. Particularly, if some other objective than the expected value of the total cost 

of all routes is to be optimized, it is not obvious which estimate to use for the demand distribution. As subsection 

(3.2), demand can be considered as following: 

iii dd )1(
~


                               (6) 

Procedure ACO for the VRPSD{ 

Read the input data; 

Initialize parameters and pheromone matrix; 

Define the stochastic demand model and strategy (see 4.1); 

repeat{ 

for each ant { 

Construct a CVRP solution using the Savings based ACO (see 4.2); 

Improve the CVRP solution by applying Local Search; 

if (Sampling1 = TRUE) { 

Evaluate solution through Sampling; 

} 

} 

Update the best found solution (if applicable); 

Update the pheromone matrix considering stochastic demands (see 4.3); 

} until a pre-specified stopping criterion is met; 

Evaluate the best found solution through Sampling; 

} 
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Route 1: 2, 4, 6,      sum: 100         

Route 2: 3, 7           sum: 77 

Route 3: 5, 8,           sum: 70 

Cost: 230 

 

 

Route 1: 2, 4,         sum: 86        

Route 2: 3, 7          sum: 77 

Route 3: 5, 8, 6,     sum: 85 

Cost: 235 

 

Clearly,  = 0 implies the risk averse (risk free) case where failures can never occur and  make the lower and 

upper bounds ( iiii dddd  ,_
); in this case, the robust solution is obtained easily if we use ii dd 2.0

instead 

of id
  because of the worse case strategy. But the demand perturbation is stochastic so we expect to see descending 

and ascending simultaneously for the demand set. In this way we confront with some realistic constraints such as: 

u

i

il DdD  
~

                                  (7) 

For the real case, uD
is less than  ii dd 

. This new constraint may happen frequently in the real VRP. The 

constraint (7) incorporates with (6) to create a new perturbation model. In this way, using the upper bound for each 

demand ( ii dd 2.0
) is wrong and we must look forward for a new procedure to handle the robust solution. Every 

strategy for the VRPSD decides about the allocation of the unused capacity to overcome the uncertainty. In this 

paper, unused capacity is calculated by deterministic parameters then it uses for pheromones updating. In this 

strategy, the unused capacity impresses the trial update to save unused capacity for each route. The details of this 

saving will be explained in 4.3. But we demonstrate the strategy by a conceptual example: 

 

costumer 

No. 
depot(1) 2 3 4 5 6 7 8 

longitude 82 82 99 70 80 58 93 62 

latitude 50 90 51 85 20 60 60 45 

demand 0 43 51 42 32 15 22 38 

Capacity of vehicle: 100 

Table 1.Data of a conceptual example 

  

     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                  Figure 2.The best solution                         Figure 3.The robust solution 

It is clear that the best solution in figure 2 is not robust against the perturbation because summation of demand in 

route 1 is exactly equal to the capacity. In figure 3, although the cost increases 2%, all the routes can resist against 

the demand uncertainty when the perturbation is less than about 16%. In this particular problem, with a little node 

(customer), this strategy may treat inappropriately but we will show at the next section, it can be a dependable 

solution for large scale VRP. 

 

4.2 Route construction 

Using ACO, an individual ant simulates a vehicle, and its route is constructed by incrementally selecting customers 

until all customers are visited. Initially, each ant starts at the depot and the set of customers included in the tour is 

empty. The ant selects the next customer to visit from the list of feasible locations and the storage capacity of the 

vehicle is updated before another customer is selected. The ant returns to the depot when the capacity constraint of 

the vehicle is met or when all customers are visited. The total distance L is computed as the objective function value 
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for the complete route of the artificial ant. The ACO algorithm constructs a complete tour for the first ant prior to the 

second ant starting its tour. This procedure continues until a predetermined number of ant m each construct a 

feasible route. Using ACO, each ant must construct a vehicle route that visits each customer. To select the next 

customer j, the ant uses the following probabilistic formula: 

0qifqMforuj kiuiu  ,}))(max{(arg 
       (8) 

where iu
is equal to the amount of pheromone on the path between the current location i and possible locations u. 

The value iu
is defined as the inverse of the distance between the two customer locations and the parameter 



establishes the importance of distance in comparison to pheromone quantity in the selection algorithm (
0

). 

Locations already visited by an ant are stored in the ants working memory MK and are not considered for selection. 

The value q is a random uniform variable [0,1] and the value q0 is a parameter. When a set of selection decision is 

made, the ant selects the arc with the highest value from Equation (8) unless q is greater than q0. In this case, the ant 

selects a random variable (S) to be the next customer to visit based on the probability distribution of ijP
, which 

favours short paths with high levels of pheromone: 

0
))((

))((
otherwiseMifjp k

Mu iuiu

ijij
ij

k


 









        (9) 

Using (8) and (9), each ant may either follow the most favourable path already established or may randomly select a 

path to follow based on a probability distribution established by distance and pheromone accumulation. If the 

vehicle capacity constraint is met, the ant will return to the depot before selecting the next customer. This selection 

process continues until each customer is visited and the tour is completed. 

 

4.3 Trail updating  

In order to improve future solutions, the pheromone trails of the ants must be updated to reflect the ant’s 

performance and the quality of the solutions is found. This updating is a key element to the adaptive learning 

technique of ACO and helps to ensure the improvement of the subsequent solutions. Trail updating includes local 

updating of trails after individual solutions are generated and the global updating of the best solution route after a 

predetermined number of solutions m has been accomplished. 

First, local updating is conducted by reducing the amount of pheromone on all visited arcs in order to simulate the 

natural evaporation of pheromone and to ensure that no path becomes too dominant. This task is accomplished with 

the following local trail updating equation. 

0)1(   ijij                                        (10) 

where  is a parameter that controls the speed of evaporation and 0 is equal to an 


initial pheromone value 

assigned to all arcs in graph G. After a predetermined number of ants m construct a feasible route, global trail 

updating is performed by adding pheromone to all of the arcs included in the best route found by one of m ants. 

Global trail updating is accomplished according to the following relationship, 
1)()1(  Lijij 

                                    (11) 

This updating encourages the use of shorter routes and increases the probability that future routes will use the arcs 

contained in the best solutions. But it cannot be robust when the demand contaminated with perturbation. As we 

explained in 4.1, the unused capacity must be impressed for trial updating according following: 
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where 
 is related to unused capacity of route   which includes (i,j) and  is unused capacity of each routs. 

The purpose of equations (12) is to make sure that the limit for the remaining capacity of each vehicle does not 

exceed its upper bound. This process is repeated for a predetermined number of iterations and the best solution from 

all of the iterations is presented as an output of the model and it is represented as a good approximation of the 

optimal solution for the problem. 

 

5. Experimental analysis 

In this section, we first present the performance measures used to compare the robust and the deterministic solutions. 

We then analyze the trade-offs of the exact robust solutions and the heuristic robust solution on instances. We then 

finish the section by verifying that the heuristic method can provides acceptable solution to protect against the 

demand uncertainty.  

 

5.1 Performance measures 

The first performance measure, the ratio of rdr
, quantifies the relative extra cost of the robust with respect to the cost 

of the deterministic. It is given by ddrrd zzzr )( 
 where dz

 is the optimal objective function value of the 

deterministic CVRP and rz
 is the optimal objective value of the robust counterpart. This ratio gives information on 

how much extra cost would incurs if we wanted to implement the robust to protect against the worst case realization 

of the uncertainty, instead of implementing the deterministic. Note that the calculation of the ratio requires solving 

two instances of CVRP. The second performance measure considers the effect of the solutions on the demand when 

it is subject to demand uncertainty. The ratio udr
 is the relative unsatisfied demand for the deterministic solution 

where it faces its worst case demand. It is given by 
n

ud
z

ud
r 

where the numerator udz
 is the maximum 

unsatisfied demands that could occur if the optimal deterministic solution were used when the demands are 

contaminated with perturbation using statistical simulation and n is the number of customers. 

 

5.2 Exact and Heuristic Robust solution versus deterministic  

We have solved the problems with different perturbations ranging from 5 to 50 percent with 10 to 100 nodes as 

customers. Tables 2 and 3 show the survey results. N indicates the number of customers, indicates perturbation 

percentage, udr
, rdr

 are the two performance measures as explained before. As we can observe from tables, 

sensitivity increases when the number of customers and uncertainty go up. These results indicate that, although 

robust solution increase some transportation and delivery cost, there are many advantages to meet the customers 

demand which include the increase the sales as direct outcome and the customer loyalty growth as an indirect 

parameter. Also indicators of exact and heuristic show there are a little difference between two methods. Although 

the exact method provides the robust solutions with minimized cost, it is not perfect for the real world problem 

because of CPU time. 

For all ACO solutions, the following search parameters are used: 

25,9.0,3.2,1.0 0  mq
. 

Each run of the model is considered for 5000 iterations of the trail construction and trail updating processes. uD
for 

each problem is considered as  0.5(  ii dd 
). 

 

 

   Deterministic robust 

   Exact  heuristic Exact  heuristic 

Row N   Zd rud Zd rud Zr rrd Zr rrd 

1 

10 

5 356 0.0% 356 0.0% 359 0.8% 359 0.8% 

2 10 356 0.0% 356 0.0% 364 2.2% 366 2.8% 

3 20 356 1.2% 356 1.1% 371 4.2% 371 4.2% 
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4 30 356 1.5% 356 1.5% 378 6.2% 376 5.6% 

5 40 356 2.7% 356 2.8% 383 7.6% 383 7.6% 

6 50 356 3.8% 356 3.6% 391 9.8% 392 10.1% 

7 

12 

5 430 0.0% 430 0.0% 430 0.0% 430 0.0% 

8 10 430 0.3% 430 0.3% 435 1.2% 435 1.2% 

9 20 430 0.7% 430 0.7% 442 2.8% 445 3.5% 

10 30 430 1.3% 430 1.3% 449 4.4% 450 4.7% 

11 40 430 1.8% 430 1.8% 456 6.0% 456 6.0% 

12 50 430 2.9% 430 2.8% 461 7.2% 461 7.2% 

13 

15 

5 612 0.0% 612 0.0% 615 0.5% 618 1.0% 

14 10 612 0.1% 612 0.1% 615 0.5% 618 1.0% 

15 20 612 0.7% 612 0.7% 628 2.6% 628 2.6% 

16 30 612 1.3% 612 1.2% 637 4.1% 637 4.1% 

17 40 612 1.9% 612 1.9% 649 6.0% 649 6.0% 

18 50 612 3.0% 612 2.8% 649 6.0% 649 6.0% 

Table 2.coparison between the heuristic and exact method for the robust optimization 

 

   Deterministic robust 

   Exact  heuristic Exact  heuristic 

Row N   Zd rud Zd rud Zr rrd Zr rrd 

1 15 

20 

612 1.3% 612 1.2% 628 2.6% 628 2.6% 

2 25     927 1.1%    950 2.5% 

3 50     1796 1.2%    1835 2.2% 

4 75     2712 1.1%    2768 2.1% 

5 100     3541 1.0%    3608 1.9% 

6 15 

35 

612 1.5% 612 1.5% 633 3.4% 639 4.4% 

7 25     927 1.5%    968 4.4% 

8 50     1796 1.4%    1855 3.3% 

9 75     2712 1.3%    2794 3.0% 

10 100     3541 1.5%    3658 3.3% 

11 15 

50 

612 3.0% 612 2.8% 649 6.0% 649 6.0% 

12 25     927 2.8%    971 4.7% 

13 50     1796 2.5%    1877 4.5% 

14 75     2712 2.6%    2807 3.5% 

15 100     3541 2.7%    3679 3.9% 

Table 2.the capability of heuristic method to solve large scale problems 

 

 

 

As we can observe from table 3, we cannot solve the problem with 25 customers and more using the exact method 

since the CPU time exceeds the allowable upper limit. If we compare the results between rrd from the heuristic and 

the exact in the table 2 we realize that the final solutions of the heuristic algorithm are almost the same as exact 

solution in many cases. Table 3 summarizes the final solutions for the large scale problem. 

The robust solution with 50% demand perturbation is not 6% worse than the deterministic. Although the total cost 

increase is important for a real problem, we cannot overlook the unmet demands. Our survey results show that the 

rrd decreases as the number of customer increases. So we must consider the trade-off between the robust and the 

deterministic cost in each problem to select the appropriate solution. 

6 Conclusions 

In this study, we have proposed a robust optimization to obtain some near optimal routing solutions for problems 

under uncertainty and an ACO has been implemented to enhance the ability to obtain the robust solution. The 

algorithm is based on levelling out the unused capacity of each route. The algorithm needs no information about the 

uncertainty distribution and the definition of uncertainty sets resulted in computationally amenable RVRPs. The 

proposed method of this paper has been applied for some benchmark problems and the results have been compared 

with the exact robust solutions. The preliminary results have indicated that the proposed method of this paper could 

provide some near optimal solution where no unmet demand is left. The heuristic proposed method of this paper can 
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provide robust solution which is approximately equal to the exact solution for the large scale VRP with an 

acceptable CPU time. 
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