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ABSTRACT 

The study of fracture mechanics is directed to the analysis of the capability of the material to resist mechanical stress 

without the occurrence of failure. The presence of small cracks can reduce the structural strength of the component 

enabling, in some cases, the collapse of the structure under a lower stress than the structural ultimate strength. 

Currently, the use of methodologies that address the problem of fracture in structural components to representing the 

macroscopic regime of the structure through the coupling of numerical models is used becoming increasing. In this 

aspect, finite element method has been used with the concept of fracture mechanics and continuum mechanics 

through to evaluate the damage in a structure. These approaches has been developed both for analysis of structural 

failure in different materials (fragile, ductile and composite). However, the correct incorporation of mechanical and 

phenomenological aspects inherent to the mechanisms of failure is a key factor to the success and effectiveness of 

such preventive methodologies.  

The goal of the present work was using the Finite Elements Method (FEM) together with the concepts of the linear 

elastic fracture mechanics (LEFM) to reproduce numerical models of fracture testing on different types of materials. 

Finally, to incorporate to the numerical models damage mechanisms capable of analyze the fracture processes, was 

used a constitutive relation based on models of cracking strain. 
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1.    INTRODUCTION 

The failure of engineering materials is almost always an undesirable event for several reasons; these include human 

lives that are put in jeopardy, economic losses, and the interference in the availability of products and services. Even 

though the causes of failure and the behavior of materials may be known, prevention of failures is difficult to 

guarantee. The usual causes are improper materials selection and processing and inadequate design of the 

component or its misuse. It is the responsibility of the engineer to anticipate and plan for possible failure and, in the 

event that failure does occur, to assess its causes and then take appropriate preventive measures against future 

incidents [1].  
 

Recent methodologies study the problem of failure through the coupling of numerical models with the macroscopic 

regime of the structure. In this respect, finite elements method has been used with the concept of fracture mechanics 

and continuum mechanics through the evaluation of damage in a structure [2]. These approaches has been developed 

both for analysis of structural failure in ceramic, metallic, polymeric and, recently, composite materials. However, 

the correct incorporation of mechanical and phenomenological aspects inherent to the mechanisms of failure is a key 

factor to the success and effectiveness of such preventive methodologies applied to numerical analysis of the 

mechanical integrity of a wide class of structural components and various materials [3-4]. 
 

This work aimed on using the Finite Elements Method (FEM) together with the concepts of continuum mechanics 

and the linear elastic fracture mechanics (LEFM) to reproduce numerical models of testing with compact tension 

(CT) specimens [4-6]. To incorporate to the numerical models a damage mechanisms capable of analyze the fracture 

processes, was used a constitutive relation based on classic models of the continuum mechanics as known as 

cracking strain [7-8]. However, to use this model of damage, was required the calibration of the parameter that was 

called as Elasticity Softening Modulus (ES). 

 

2.    FRACTURE MECHANICS AND CRAKING STRAIN MODEL 

The Figure 1 illustrates a compact specimens (CT) of the tension testing, used to obtain the materials fracture 

toughness (GC) or the critical stress intensity factor (KIC), by the concepts of linear elastic fracture mechanics [4, 6, 

9-10]. 
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The standard test method ASTM E-399 (1999) sets to these tests with specimens (CT) some relations between the 

mechanical properties of the material and the geometric properties of the specimen [10]. Moreover, as a condition to 

validate these tests, there is a need to ensure the existence of the plane strain at the crack tip. If all these 

requirements were met, the value KQ found through the Equation (1) matches the critical stress intensity factor or 

material fracture toughness (KIC). When the value of KI at the crack tip is greater or equal to the KIC, the growth of 

the crack occurs, which can be stable, for ductile materials, or unstable, for fragile materials [9]. In this work, these 

critical stress intensity factors were used to verify the nucleation and the growth of the crack found at cracking strain 

damage model. 

 

Figure 1. Compact testing specimen (CT) to the tension testing [4] 
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To incorporate in the numerical simulation, some mechanisms capable of analyze fracture processes were used, this 

was a constitutive relation based on the classic models of the continuum mechanics, also known as cracking strain 

model [7]. This model admitted the elastic behavior until the breaking point of the material. After reached this limit, 

the damage was estimated, which was characterized by the cracking strain of this material in the normal direction to 

the maximum principal stress (Rankine theory) and this material became to have an orthotropic behavior, Figure 2. 

This model allowed the formation of, at most, three cracks perpendicular to each other, if all the main normal 

stresses exceeded the breaking point of the material. After the nucleation of the first crack, a second crack could be 

created perpendicular to the first and a third crack would form orthogonally to the two previous. This model allowed 

the incorporation of a behavior of decreasing structural strength after the formation of the first crack, described 

through Elasticity Softening Modulus (ES). This parameter, which can be determined through the numerical model’s 

mesh characteristics, prevents the traction stress in a cracked point of rapidly tends to zero, after it has reached the 

breaking point of the material [11]. 
 

The crack growth in the structure results in a decrease of its capability to resist external load, thus the field of 

internal stresses must be redistributed to regions where failure did not occur, making this numerical simulation a 

nonlinear analysis. This damage model of cracking strain presents good overall results when the fissure zone is 

restricted to small dimensions compared to the structure size [7, 11]. Some materials feature a mechanical behavior 

that resembles this damage model like, for example, the tungsten carbide-cobalt (WC-Co), concrete and various 

others ceramic materials. Recently, the evaluation of failures in laminated composites also has used damage models 

similar to this cracking strain [3].  
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Figure 2. Uniaxial stress-strain diagram of cracking strain damage model [11] 

 

3.    METHODOLOGY 

The Finite Element software used was the MARC™ (2013) [11]. The materials chosen to the simulations were the 

Tungsten Carbide with 6% of Cobalt (WC-6Co), the Alumina (Al2O3) and one epoxy resin. The Table 1 shows the 

mechanical properties of these materials, as the yield stress (y), the maximum critical stress (cr), the Young 

modulus (E), the Poisson coefficient () and the critical stress intensity factor (KIC). 

 

Table 1. Mechanical Properties of the studied materials [5, 12-15] 

Materials E (GPa) *y (MPa) cr (MPa)  KIC (MPa.m½) 

WC-6Co 619.5 5,760 3,750 0.28 10.0 

Al2O3 370.0 3,000 400.0 0.22 4.00 

Epoxy 35.9 576 33.7 0.39 1.33 

*yield compression limit 

 

The numerical analysis was held with two-dimensional models (plane strain) and three-dimensional models using 

elements with four or eight nodes, respectively, to simulate the geometry of the compact tension specimen shown in 

Figure 1. The Table 2 presents the geometric dimensions of the numerical models to the WC-6Co, the Al2O3 and the 

epoxy resin. In this table, were also shown the load applied to the specimen for obtained the value of KIC at the 

cracking tip. In other words, that was the load to be applied to this CT to cause the growth of this crack (stable, for 

ductile material, or unstable, for fragile) [4]. 

 

Table 2. Dimensions of the numerical models of CT for each material and their loads to be applied 

Material W (mm) B (mm) a (mm) H (mm) P (N) 

WC-6Co 0.12 0.06 0.06 0.072 0.68  

Al2O3 1.0 0.5 0.5 0.6 6.55 

Epóxi 10.0 5.0 5.0 6.0 68.85 

 

To properly represent the CT and so get results that describe well the behavior of the experimental test, there was a 

special attention to the degree of refinement of the mesh at the cracking tip due to the singularity of the field of 

stresses and strain in this region. Geometrical considerations were also made based on the symmetry of the problem 

in order to reduce the computational cost of these simulations. The Figure 3(a) illustrates the two-dimensional mesh 
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used to the simulation of the tests with the WC-6Co. The three-dimensional model of this same test was generated 

expanding the mesh of the two-dimensional model, as shown in the Fig. 3(b). 

 

  
Figure 3. (a) Mesh of the 2D numerical model of the WC-6Co;  (b) 3D mesh of the WC-6Co 

 

3.1. Evaluation of the elasticity softening modulus parameter of the cracking strain damage model 
On the cracking strain model, as in the tension curve versus strain shown on the Figure 2, the Elasticity Softening 

Modulus parameter (Es) should be understood as a mechanical property of the material. However, considering the 

absence of mechanical testing capable of determine this priority, was necessary to perform an estimation of this 

parameter to incorporate it into the numerical model. Adopting the methodology suggested by Zhang and Subhash 

(2001), to determine this parameter, the value of the total strain can be calculated considering a maximum cracking 

opening displacement (u) of 5.0 µm for fragile materials [16]. From this value of maximum cracking displacement 

and considering a characteristic length to the finite element mesh (e), which depends of the fine mesh at the crack tip 

region (2D model) or at the crack front (3D model), it was determined the value of the total strain () to be computed 

in this element before he suffers the total collapse, according to the Equation (2). 

 

eu             (2) 

 

Once known the total strain and knowing the elastic strain of the studied material (e), it is possible to evaluate the 

maximum cracking strain (cr) according to the Equations (3). ). After the maximum cracking strain was found for 

the materials due to its meshes, the value os the elasticity softening parameter was determined (ES), also utilizing of 

the Equations (3). These data were determined and used on the data entry of the solver MARC™ (2013), as shown 

in the Table 3, to implement the cracking strain model [11]. 
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After the elasticity softening parameter has been determined (ES) for the 2D models (crack tip) and 3D (crack front) 

for all the materials, as shown in the Table 3, it was estimated four other values to this same parameter. The use of 

different values of ES in this study was mainly to find an alternative to estimate it in function of a mechanical 

property of the material. In other words, was searched a way to identify a ratio of ES as a function of the modulus of 

elasticity of the material (E), without the need of extensive calculations proposed by Zhang and Subhash (2001),  but 

ensuring the numerical accuracy of the cracking strain model[11]. Four values were tested for the ES, namely, 20% 

of Young modulus of the material (E20%), 10% of Young modulus (E10%), 5% of Young modulus (E5%) and 2.5% of 

Young modulus (E2.5%). 

 

4.   RESULTS AND DISCUSSIONS 
The Table 4 shows the comparison of the values of the critical stress intensity factor (KIC) obtained through the 

simulations of three different materials, comparing then with the values found on the literature. These results show 
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that the simulations represent well the behavior of the compact testing specimens (CT), both for the two-dimensional 

models and the three-dimensional of the different materials. These results also indicate that, from the point of view 

of the fracture mechanics, the crack tip (2D models) or the crack front (3D models) would be on the imminence of 

its growth when these specimens are submitted to the loads applied to each material. 

 

Table 3. Calculation of the elasticity softening parameter for different materials and models 

2D Model WC-6Co Al2O3 Epóxi 

Characteristic Length (e) 0.002 mm 0.0166 mm 0.2 mm 

Elastic Strain (e) 0.00605 0.00108 0.0009387 

Cracking Strain (cr) 1.994 0.240 0.191 

Calculated ES 1.88 GPa 1.67 GPa 0.18 GPa 

 

3D Model WC-6Co Al2O3 Epóxi 

Characteristic Length (e) 0.00872 mm 0.0527 mm 0.5385 mm 

Elastic Strain (e) 0.00605 0.00108 0.0009387 

Cracking Strain (cr) 0.450 0.075 0.0065 

Calculated ES 8.28 GPa 5.35 GPa 5.19 GPa 

 

Table 4. Comparison between the values of KIC determined numerically and found in the literature [12-15] 

 Two-dimensional models 

Material Load applied (N) Numerical KIC (MPa.m½) KIC (MPa.m½) Error (%) 

WC-6Co 0.68  9.77 10.0 2.35 

Al2O3 6.55 3.89 4.00 2.83 

Epóxi 68.85 1.28 1.33 3.90 

 Three-dimensional models 

Material Load applied (N) Numerical KIC(MPa.m½) KIC (MPa.m½) Error (%) 

WC-6Co 0.68  10.41 10.0 4.10 

Al2O3 6.55 4.05 4.00 1.25 

Epóxi 68.85 1.30 1.33 2.31 

 

After being calculated the elasticity softening modulus parameter (ES) to the three studied materials, according to 

Table 3, it was simulated the testing with the compact testing specimens activating the cracking strain models on the 

solver MARC™ (2013). In these simulations, were found the stress fields and the cracking strain at the crack tip (2D 

models) or at the crack front (3D models), as done in the simulations. Also in this stage, were used the four other 

values estimated to the elasticity softening parameter (E20%, E10%, E5% and E2.5%). 
 

Tables 5, 6 and 7 shows the numerical results to the Von Mises stress (𝜎e) and the cracking strain (𝜀c) at the crack tip 

and front (2D and 3D models, respectively) for the three materials. On each of these tables were presented the 

results obtained not only using the ES parameter calculated, but also with the three estimated values. In these tables, 

is observed that in all the simulations, the crack tip, or its front, proved to be a critical region because in all the 

simulations these sites showed a cracking strain value (𝜀c) bigger than zero. In other words, in all simulations the 

maximum stress was higher than the amount of the maximum critical stress of each material (Rankine theory). 

 

Table 5. Numerical results obtained to the Von Mises stress and the cracking strain at the tip (2D) and at the front 

(3D) to the WC-6Co, considering different values of ES parameter. 

 Two-dimensional Model Three-dimensional Model 

 𝜎e (MPa) 𝜀c 𝜎e (MPa) 𝜀c 

ES calculated 3,271 0.00421 3,555 0.006543 

E20%       (123.9 GPa) 3,162 0.004484 3,401 0.005343 

E10%       (61.95 GPa) 3,226 0.004329 3,485 0.004889 

E5%        (30.98 GPa) 3,284 0.004331 3,517 0.004676 

E2.5%      (15.49 GPa) 3,300 0.004299 3,543 0.004632 
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Also in these tables, the values of the behavior of the Von Mises stress (𝜎e) at the crack tip or front appeared to be 

constant independent of the adopted value to the ES parameter. The magnitudes of this Von Mises stress (𝜎e) shows 

that a decrease in the specimen resistance occurs at the regions of the crack tip or front to the different models and 

materials. This behavior indicated that a redistribution of the stress field happened due to its damage. The only case 

that the magnitude of the Von Mises stress didn’t decrease was at the crack front of the three-dimensional model of 

the Epoxy Resin. This, probably, happened due to the refinement of the crack front of this three-dimensional model, 

which showed to be inappropriate for this case. This has been one of the limitations of the cracking strain damage 

model, which in some cases proves to be very dependent of the numbers of elements in the mesh. 

 

Tabela 6. Numerical results obtained to the Von Mises stress and the cracking strain at the tip (2D) and at the front 

(3D) to the Al2O3, considering different values of ES. 

 Two-dimensional Model Three-dimensional Model 

 𝜎e (MPa) 𝜀c 𝜎e (MPa) 𝜀c 

ES calculated 346 0.0008729 376.4 0.000944 

E20%       (74 GPa) 286.4 0.001157 319.5 0.001265 

E10%       (37 GPa) 330.4 0.0009181 369.9 0.001026 

E5%        (18.5 GPa) 339 0.0008935 374.4 0.000998 

E2.5%      (9.25 GPa) 343 0.0008818 374.6 0.000949 

 

Tabela 7. Numerical results obtained to the Von Mises stress and the cracking strain at the tip (2D) and at the front 

(3D) to the Epoxy Resin, considering different values of ES. 

 Two-dimensional Model Three-dimensional Model 

 𝜎e (MPa) 𝜀c 𝜎e (MPa) 𝜀c 

ES calculated 28.31 0.001128 41.85 0.003262 

E20%      (7.18 GPa) 31.32 0.001586 41.66 0.002174 

E10%      (3.59 GPa) 26.14 0.001459 43.25 0.002668 

E5%        (1.78 GPa) 28.38 0.001192 42.71 0.001638 

E2.5%      (0.93 GPa) 27.75 0.001145 34.12 0.001642 

 

The Table 5, 6 and 7 present the values of the elasticity softening modulus parameter used on the several numerical 

models implemented, both for the two-dimensional models and the three-dimensional of the different studied 

materials. By the presented results, it can be concluded that, if the ES parameter is unknown, or its calculation 

presents a great difficulty, it can be estimated as one of the four tested values in the present study. Then, the 

estimated ES varies between 2.5% and 20% of the Young modulus (E) of the analyzed material. 
 

During the literature review, it was possible to observe that in some studies on specialized literature the authors used 

an estimative to this elasticity softening modulus parameter around 10% of the Young modulus value (E10%) of the 

analyzed material [8, 17-18]. The present study proved that this choice was right, once the numerical results using 

E10% managed to identify the region of the crack tip or its front as a critical region from the point of view of this 

model of damage. 
 

The Figure 4 shows the distribution of the cracking strain at the crack front for the testing with the WC-6Co using 

the calculated value to the ES parameter of the damage model. On this figure, it appears that the cracking strain 

model can identify the crack face as a critical region. A similar behavior of the distribution of the cracking strain at 

the crack tip (2D model) or the crack face (3D model) was also obtained to the other materials and with all the 

values used to define the ES parameter. These numerical results show that the cracking strain model can represent 

well the behavior of regions prone to nucleation and crack growth in all the testing models. 
 

In the numerical simulation of these tension testing with the CT specimens (2D and 3D) was possible to verify that 

these analyzes can represent the mechanical behavior on the three different materials due to the use of the cracking 

strain model. As it was to be expected, the region at the crack tip (2D), or the crack front (3D), reached the 

maximum critical stress when submitted the maximum load defined through the linear elastic fracture mechanics 

(LEFM), being possible to observe the distribution of the cracking strain at that region, Figure 4. 
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Figure 4. Numeric distribution of the cracking strain at the crack front to the WC-6Co, using the calculated Es 

parameter 

 

5.    CONCLUSIONS 
The numerical results obtained for the critical stresses intensity factor (KIC) found on the simulations of the tension 

testing with the CT specimen for different materials shown that the models managed to represent well these testing, 

as well as reproduce the singularity on the region of the crack tip (2D model) or at its front (3D model). The 

difference between the numeric value of KIC and the experimental, found in the literature, were below 4,1% in all 

analyzes. 
 

Both in the Tables 5, 6 and 7, as on the Figure 4 was possible to observe that the region of the crack tip or the crack 

face shown themselves prone to the propagation of cracks, as it was to be expected. Once in these models were 

applied loads capable of reach the critical stresses intensity factor of the studied materials (KIC). Finally, it could be 

observed that the values estimated to the elasticity softening modulus parameter also presented good results.  
 

Finally, the cracking strain model was capable of simulate the mechanical behavior of three different materials (WC-

6Co, Al2O3 and one Epoxy resin) and capture the characteristics of the formation of cracks during the conventional 

testing of fracture mechanics. The evaluations for the elasticity softening modulus parameter (ES) of this model also 

proved to be efficient to be adopted in numeric simulation of the fracture process in these materials, indicating that 

can be possible to implement the cracking strain model in other numerical analysis of fracture process as, for 

example, the indentation testing in thin surface coatings and in the laminated composites. 
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