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ABSTRACT 

Up to date a certain number of computational works have been carried out on nonclassical fullerenes with either 

four-, seven- or eight-membered rings for each case. Basically, for those with heptagonal rings the isolated pentagon 

rule (IPR) is not satisfied. As far as some nonclassical fullerenes are more stable than the corresponding classical 

isomers with the same number of pentagonal bonds, their study seems to be very important.  We present some new 

nonclassical fullerenes derived from classical one which verify the IPR rule and are specifically characterised by 

their mixed four-, five-, six- and eight-membered rings, e.i. their geometric structure presents mixed square, 

pentagonal, hexagonal and octagonal faces. The paper is mainly focus on these new nonclassical fullerenes 

geometric characterizations. 
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1. INTRODUCTION 

Patrick Fowler and David Manolopoulos [1] have defined classical fullerenes as those carbon cage 

molecules with exactly 12 pentagons and n/2 –10 hexagons. All classical fullerenes satisfy the so called isolated 

pentagon rule IPR, as stated by Harold Kroto [2]. On the other hand, nonclassical fullerenes are those carbon cage 

molecules embedded with one or more squares or heptagons. In this last case, pentagon-pentagon adjacencies known 

as the pentagon adjacency penalty rule (PAPR) sometimes appear [3]. Actually, the IPR or PAPR has been an 

efficient criterion for explaining the stability of fullerenes. 

 

2. BACKGROUND  

Nonclassical fullerenes were reported since 1993  by Gao and Herndon [4] who suggested that fullerenes 

with fewer than 60 carbon atoms might be stabilized thermodynamically by inserting square faces into them. Babic 

and Trinajstic [5–7] estimated the degrees of aromaticity for such fullerenes.  

In 1996, Fowler et al [8] systematically designed a series of higher fullerenes with one four–membered ring 

and examined their thermodynamic stability in some detail. Andres Ayuela et al [9] show theoretical evidence for 

the existence of a nonclassical fullerene C62 with one heptagonal, 13 pentagonal and 19 hexagonal rings. 

           In 1997, Fowler et al [10] investigated the energetic costs of widening the classical fullerene definition to 

include carbon cages with octagonal as well as pentagonal and hexagonal faces theoretically. Within two 

independent semi-empirical models, they calculated the relative energies of all the 16 C40 and the 620 C48 cages 

that can be assembled with one face octagonal, 14 pentagonal and all others hexagonal, and compared with the 295 

C40 and 2664 C48 one-square, one-heptagon and classical fullerene cages. 

            In 2008, Xiang Zhao et al [11] computed C32 cages built from four-, five-, six-, and seven-membered rings. 

The computations are primarily performed with semi-empirical quantum-chemical methods in order to optimize the 

199 cages. The energetics is further checked through ab initio Hartree Focks SCF computations with the standard 3-

21G basis set, and also by density functional theory (DFT) at the B3LYP level in the standard 6-31G  basis set. All 

the five levels of theory suggest a D4d cage (two four-membered rings, eight pentagons, eight hexagons) as the 

lowest-energy structure. 

    In 2010, Li-Hua Gan et al [12] study fullerenes C46, C48, C50, and C52, some of them composed of one 

heptagonal ring. Jie An et al [13] study the isomers of fullerene C26 composed of square, pentagonal, hexagonal, 

and heptagonal faces. 

Recently Weiwei Wang et al [14] also applied DFT methods to study C32 fullerenes built from four-, five-, 

and six-membered rings. They evaluated the relative energies of pure C32 fullerenes to locate three most stable 

structures, 32: D4d with two squares, 1: D3 without square and 5: C5 with one square. Structural analysis reveals that 

there is a rearrangement pathway between the lowest energy classical isomer 1: D3 and the lowest energy non-

classical isomer: D4d and 5: C5 behaves just as an intermediate between them. The kinetic processes of generalized 
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Stone-Wales transformation (GSWT) with four-membered rings have been explored. Yuan-Zhi Tan et al [15] 

consider the fullerene C68 which contains one heptagonal ring. Moreover, Sánchez-Bernabe et al present several 

nonclassical fullerenes with pentagons, hexagons and two, three, or more heptagons [16]. 

           In summary, one can notice that none of the above studies has suggested a mixed four- and eight-membered 

rings nonclassical fullerenes. It is by wondering in front of such a situation that we have build for the first time (to 

our best knowledge),  new nonclassical fullerenes  in which some hexagonal faces of the classical fullerenes are 

replaced by four- and  eigth-membered rings, in such a way that the Euler's rule as well as the Gauss–Bonnet 

theorem are well respected. The aim of the paper is to present some atomic structure of the new hypothetical 

nonclassical fullerenes. 

 

3  GENERATION PROCEDURE AND DESCRIPTION. 

To build our structures we have inserted a precised ring of m carbon atoms in the equatorial plane of two 

shifted half classical fullerene oriented along his principal symetry axis. This gives a fullerene with m more atoms 

with m/2 new hexagons. To convert these new hexagons into squares and octagons, the later inserted ring should be 

turned by a special angle  .  

The above technics has been used to first build C70-D5h from C60 and finally the new nonclassical 

fullerene designated by C70* as depicted in different pictures of figure 1; one can successivelly see (a), the halph 

bucky ball, (b), the later structure with 10 carbon atoms ring (colored in grey), (c)  the classical fullerene C70 and 

(d), the new nonclassical fullerene C70*. 

 

   
 

Figure 1: C70* construction stapes: a)  halph bucky ball, b) halph bucky ball + 10 C, c) C70_d5h and d) C70* 

 

 This new structure, having a C5v symetry, has 5 squares (N4), 12 Pentagons (N5), 15 hexagons (N6) and 5 

octagons (N8) so that the number of faces  

f= N4+ N5 + N6 + N8 = 5+12+15+5=37.                                                                                                    (1) 

 Here , the Euler polyhedral formuler which stiples that the number of faces of an n-vertices fullerene is n/2 + 2 is 

full filled; moreover, each vertex is shared by three polygons, so the number of vertices  

v = (5xN4 +12xN5 +15xN6 + 5xN8) / 3= (5x4 + 12x5 + 15x6 + 5x8)/3=70.                                           (2) 

Each edge is also shared by 2 polygons so that the number of edges 

               e = (5.N4+12.N5+15.N6+5.N8)/2=105.                                                                                                        (3) 
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Then by applying the Euler's theorem, we have 

v - e + f = 70-105+37=2.                                                                                                                           (4) 

So the new structure verifies the Euler's theorem.  

Once more, by combining the Euler’ law to the Gauss–Bonnet theorem, we have the following relation:  

                 2N4 + N5 – N7 – 2N8 = 12(1–g)                                                                                                                (5) 

 which is also verify for g=0 as far as there is no hole and heptagonal faces on our new structures. g is the genus of 

the structure which refers to the complexity of the arrangement. In other words, g is the number of handles or holes 

in the structure; g = 0 for a sphere and 1 for a torus. In the above equation, the hexagonal rings of carbon are not 

present because they do not contribute to the topology (curvature) of the arrangement.   

   The carbon atoms in C70* are bounded  together by sp
2
 bonds; the angles between atoms are naturally 120


, 

108


 and 9O


 within the hexagonal, pentagonal and square faces respectivelly, but in the octagonal face, we have 

120


 and 148


 as depicted in figure 2.  The 70 single and 35 double bonds distances d CC  and d CC=  are 1.44 and 

1.39 Å respectively.  

 
Figure 2: nonclassical fullerenes C70* distances and bond angles. 

 

Next comes the constuction of other structures with 40, 80, and 90 carbon atoms e.i. C40*, C80* and C90* as 

presented in figure 3. 

      
                     a                                                      b                                             c   

Figure 3: New nonclassical fullerenes: a) C40*, b) C80* and c) C90*. 
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Figure 4: Fullerene with 80 carbons, 3 heptagons, 24 hexagons, and 15 pentagons 

 

        
Figure 5: Classical fullerenes: a) C40 (n° 39), b) C70, c) C80 (n° 1 ) and d) C90 (n° 1 ) 

 

 C40* has only 5 squares, 2 pentagons and 5 hexagons. C80* presents 5 squares, 5 octogons, 20 hexagons and 

exacly 120 edges and 42 faces as another nonclassical C80 whith 3 heptagons, 24 hexagons, and 15 pentagons 

presented by Sánchez-Bernabe et al [16] as depicted on figure 4.  C90* has 5 more squares and octogons, 15 

hexagons, 135  verties and 47 faces. Their geometric description is summarized  in the following table: 

 

Table: some nonclassical fullerenes geometric description 

Carbon 

atoms 

Square Octogons Pentagons hexagons Edges faces verties Gauss–

Bonnet 

theorem 

40 5 0 2 15 60 22 40 12 

70 5 5 12 15 105 37 70 12 

80 5 5 12 20 120 42 80 12 

90 10 10 12 15 135 47 90 12 

From the table, one can notice that by increasing by 10 the number of atoms from 70, the number of edgeds is 

increased by 15. The number of pentagons remains 12 as for classical fullerenes. 

 

4.   CONCLUSION 
Knowing that important discoveries in science are often obtained by accident as that was certainly the case in the 

discovery of C60 by Kroto and Smalley, we can look at the Computer simulation as a new fascinating world where 

the sollicitation of the human being imagination comes out with results which existence is still on the way to be 

prooved experimentally. By exploiting this idea we have builded a new class of nonclassical fullerene that differe 
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from the well known classical and nonclassical one by their new polygonal faces: the  squares and octogons which 

replace some equatorial hexagons. the presence of mixed four-, five-, six- and eigth- membered rings in our new 

structures fulfill the different privous works which mentioned only four-membered ring for some or eigth membered 

for others.  We can then, according to what preceed, define the nonclassical fulllerenes as those carbon cage 

molecules embedded with one or more squares, heptagons or octagons. In these new structures, the euler’s law, the 

Gauss–Bonnet theorem as far as the IPR rule is well respected. Geometric optimization and DFT calculations carried 

out on these new structures have revealed their stability. 
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Captions: 

Figure 1: C70* construction stapes:: a)  halph bucky ball, b) halph bucky ball + 10 C, c) C70_d5h and d) C70* 

Figure 2: atomic structures of a) nonclassical fullerenes C70* and b) angles within C70* bonds. 

Figure 3: New nonclassical fullerenes: a) C40*, b) C80* and c) C90*. 

Figure 4: Fullerene with 80 carbons, 3 heptagons, 24 hexagons, and 15 pentagons 

Figure 5: Classical fullerenes: a) C40 (n° 39), b) C70, c) C80 (n° 1 ) and d) C90 (n° 1 ) 

Table: some nonclassical fullerenes geometric description 
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