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 ABSTRACT 

The aim of this paper is applying the resonant cavity method to a circular Microstrip antenna excited by the higher 

mode TM21 and which operates at the central frequency of 2, 45 GHz. The use of this application (only for 

substrates having high dielectric constant) gave us the opportunity to have such directivity and input resistance 

(impedance) which are higher, total input conductance which is lower compared to the dominant mode TM11. 

  

 Keywords: Modes TM11 & TM21, Circular antenna, Cavity model, Directivity, Total input conductance. 

1.    INTRODUCTION 

Microstrip antennas trace their origination back as early as the 1950‟s [1].Microstrip antennas are planar structures 

that act as resonant cavities when excited.  Resonant cavities are simply structures that allow the build up of 

standing waves. When excited by certain resonant frequencies, these cavities will leak from their edges and radiate 

[2].  Microstrip antennas, in their simplest form, consist of very thin (t ≪ λ0) metallic strips or “patches” placed a 

small distance above a ground plane.  The patch and ground plane are separated by a dielectric sheet called the 

substrate [3]-[4].  Printed circuit techniques can be utilized to etch the antennas, where the patches can take on 

various shapes including rectangular, circular, triangular, elliptical, et cetera, on soft substrates to produce low-cost 

antennas that have a low-profile and tremendous resilience to shock and vibration environments. In Figure 1, the 

geometry of a circular microstrip antenna is defined. The circular metallic patch has a radius „a‟ and a driving point 

located at „r‟ at an angle φ measured from the x-axis. As with the rectangular microstrip antenna, the patch is spaced 

a distance h from a ground plane. A substrate of ε𝑟  separates the patch and the ground plane. 

 

  

 

 

 

 

 

Figure 1. Geometry of Circular Microstrip Patch Antenna 

 

In a previous work [5], the author has simulated a circular Microstrip antenna excited by the dominant mode TM11. 

He calculated the directivity, resonant input resistance, radius of antenna and total input conductance for many 

dielectrics (Duroid, silicon, GaAs, InP). He has showed that when the dielectric constant of substrate increases, input 

resonant resistance increases but the radius of antenna and directivity decreases. 

In this paper, we applied the resonant cavity method to a circular Microstrip antenna excited by the higher mode 

TM21. Using MATLAB program, we have calculated and simulated many radiation parameters such as: directivity, 

total input conductance, physical and effective radius of antenna, half-power beamwidth (HPBW) for E-plane and 

H-plane. 
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2.    MODES CIRCULAR PATCH ANTENNA AND FIELDS CONFIGURATION  

The modes supported by the circular patch antenna can be found by treating the patch, ground plane, and the 

material between the two as a circular cavity. The modes that are supported primarily by a circular microstrip 

antenna whose substrate height is small (h << λ) are TM
z
 where z is taken perpendicular to the patch. The radius of 

the patch is the only degree of freedom to control the modes of the antenna [6]. The circular patch antenna can only 

be analyzed conveniently using the cavity model [7], [8], [9]. This can be accomplished using a procedure similar to 

that for the rectangular patch but now using cylindrical coordinates [6]. The cavity is composed of two perfect 

electric conductors at the top and bottom to represent the patch and the ground plane, and by a cylindrical perfect 

magnetic conductor around the circular periphery of the cavity. The dielectric material of the substrate is assumed to 

be truncated beyond the extent of the patch [10]. To find the fields within the cavity, we use the vector potential 

approach. For TMmnp
z  we need to first find the magnetic vector potential AZ , which must satisfy, in cylindrical 

coordinates, the homogeneous wave equation of 

 

 𝛻2𝐴𝑧  𝜌, ∅, 𝑧 + 𝑘2𝐴𝑍  𝜌, ∅, 𝑧 = 0                                                                    (1) 

It can be shown that for TM
z
 modes, whose electric and magnetic fields are related to the vector potential Az by [7] 

𝐸𝑝  = −𝑗
1

𝜔𝜇𝜖

𝜕2𝐴𝑧  

𝜕𝜌𝜕 𝑧   
                                                                                                         (2) 

𝐸∅ = −𝑗
1

𝜔𝜇𝜖

1

𝜌

𝜕2𝐴𝑧  

𝜕𝜌𝜕𝑧   
                                                                               (3) 

𝐸𝑧  = −𝑗
1 

𝜔𝜇𝜖
 

𝜕2

𝜕𝑧2 + 𝑘2 
  
𝐴𝑧                                                                            (4) 

𝐻𝜌  = 
1 

𝜇

1 

𝜌
 
𝜕𝐴𝑧  

𝜕∅
                                                                                                 (5)  

𝐻∅ = −
1 

𝜇
 
𝜕𝐴𝑧  

𝜕𝜌
                                                                            (6) 

𝐻𝑧 = 0                                                                                                   (7) 

And are constrained to the following boundary conditions:  

𝐸𝜌  =  0 ≤ 𝜌′ ≤ 𝑎, 0 ≤ ∅′ ≤ 2𝜋, 𝑧′ = 0 = 0                                     (8) 

𝐸𝜌  =  0 ≤ 𝜌′ ≤ 𝑎, 0 ≤ ∅′ ≤ 2𝜋, 𝑧′ =  = 0                                              (9) 

𝐸∅ =  𝜌′ = 𝑎, 0 ≤ ∅′ ≤ 2𝜋, 0 ≤ 𝑧′ ≤  = 0                                              (10) 

The magnetic vector potential 𝐴𝑍  reduces to [7] 

𝐴𝑧   =  𝐵𝑚𝑛𝑝   𝐽𝑚   (𝑘𝜌    
𝜌′) 𝐴2  𝑐𝑜𝑠 𝑚∅′ +𝐵2   𝑠𝑖𝑛 𝑚∅′  𝑐𝑜𝑠 𝑘2   𝑧

′             (11) 

With the constraint equation of   

(𝑘𝜌)2 +(𝑘𝑧)2  = 𝑘𝑟
2 = 𝜔𝑟

2 
𝜇𝜖                                                                                    (12)

   
 

The primed cylindrical coordinates ρ′, θ′ , ∅′ are used to represent the fields within the cavity and Jm(x) is the Bessel 

function of the first kind of order m, and   

𝑘𝜌 =
𝑈′𝑚𝑛

𝑎
                                                                                                (13) 

𝑘𝑧 =
𝑝𝜋


                                                                                                   (14)             
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Where :   
𝑚 = 0,1,2, . . .
𝑛 = 1,2,3,…
𝑝 = 0,1,2,…

  

U′mn  Represents the zeroes of the derivative of the Bessel function Jm(x), and they determine the order of the 

resonant frequencies. The first values of  U′mn , in ascending order, are 

Table 1.Values of the first modes TMmn 

TMmn U′mn  

TM11 1.8412 

 TM21 3.0542 

 
3.    RESONANT FREQUENCIES  

The resonant frequency of the cavity is found using (12) through (14).  For  most patch antennas, the substrate 

thickness, h, is small relative to the free space wavelength, making the fields along z constant and equation (14) 

equal to 0 because p = 0 .  This means that the resonant frequencies for TMmn 0
z  modes can be found by utilizing the 

following equation [7].  

 

(𝑓𝑟)𝑚𝑛 0 =
1

2∗𝜋∗ 𝜇𝜖
 
𝑈′𝑚𝑛

𝑎𝑒
  = 

𝑈𝑚𝑛
′ ∗𝐶

2∗𝜋∗𝑎𝑒∗ 휀𝑟
                                               (15) 

Where: 

C is the speed of light in free-space = 3*108 m/s 

εr  = dielectric constant of substrate. 

μ0= Permittivity due to free space = 4 π *10−7 H/m 

ae= radius effective of circular patch antenna, which is given by 

 

 𝑎𝑒 =
𝐹

{1+
2∗

𝜋∗휀𝑟∗𝐹
 𝑙𝑛 

𝜋∗𝐹

2∗
 +1.7726 }

1
2

                                                                                  (16)  

F =  
8.791∗109

𝑓𝑟∗ 휀𝑟

                                                                                                                  (17) 

Lastly, the fields radiated by the antenna are derived from the fields generated within the cavity, shown by equations 

((2), (7)) and by treating the circular microstrip antenna as a circular loop.  Using the equations for the circular loop 

and taking into account fringing fields, the principal planes reduce to the following 

  E-plane (∅ = 00, 1800 , 00 ≤ θ ≤ 900)  

𝐸𝜃  = 𝑗
𝑘0𝑎𝑒𝑉0

2𝑟
𝑒−𝑗𝑟𝑘0 𝐽02

′                                                                                             (18) 

𝐸∅ = 0                                                                                      (19)   

 H-plane (∅ = 900, 2700 , 00 ≤ θ ≤ 900) 

Eθ = 0                                                                                                              (20)   

𝐸∅ = 𝑗
𝑘0𝑎𝑒𝑉0

2𝑟
𝑒−𝑗𝑟𝑘0 𝐽02                                                                                             (21) 

𝐽02
′ = 𝐽0 𝑘0 ∗ 𝑎𝑒 ∗ 𝑠𝑖𝑛( 𝜃) − 𝐽2 𝑘0 ∗ 𝑎𝑒 ∗ 𝑠𝑖𝑛( 𝜃)                                             (22) 

𝐽02 = 𝐽0 𝑘0 ∗ 𝑎𝑒 ∗ 𝑠𝑖𝑛( 𝜃) + 𝐽2 𝑘0 ∗ 𝑎𝑒 ∗ 𝑠𝑖𝑛( 𝜃)                                (23) 
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𝐽0 𝑎𝑛𝑑 𝐽2  Represents the Bessel function of the first kind of order 0 and 2. 

4.   DESIGN AND ANALYSIS OF CIRCULAR PATCH ANTENNA 

4.1. Conductance and Directivity 

The conductance across the gap between the patch and the ground plane at ∅ ′= 0
o
 is given as [7] 

 

𝐺𝑟𝑎𝑑 =  
(𝑘0∗𝑎𝑒)2

480
   [ 𝑗′02

2
𝜋

2
0

+ 𝑐𝑜𝑠2 𝜃 ∗  𝐽02
2  ]sin (𝜃)𝑑𝜃                          (24) 

A plot of the conductance of (24) for the TM
z
110 mode .While the conductance of (24) accounts for the losses due to 

radiation, it does not take into account losses due to conduction (ohmic) and dielectric losses, which each can be 

expressed as [7] 

The losses associated with the dielectric may be expressed as   

 

𝐺𝑑 =
∈𝑚 0 .𝑡𝑎𝑛  𝛿 

4𝜇0(𝑓𝑟)𝑚𝑛 0
 (𝑘 ∗ 𝑎𝑒)2 − 𝑚2                                                             (25)  

𝐺𝑐 =
∈𝑚 0∗𝜋∗(𝜋∗𝜇0∗(𝑓𝑟)𝑚𝑛 0)−3/2

42∗ 𝜍
  (𝑘 ∗ 𝑎𝑒)2 − 𝑚2                                                       (26) 

 Where: ∈𝑚0=  
2 (𝑚 = 0)
1 (𝑚 ≠ 0)

    

And 𝑓𝑟  represents the resonant frequency of the mn0 mode. Thus, the total conductance can be written as 

𝐺𝑡 =  𝐺𝑟𝑎𝑑 + 𝐺𝑑 + 𝐺𝑐                                                                              (27) 

The  directivity  of  an  antenna  is defined  as  the  ratio of the  maximum  power  density  to  the  average  radiated  

power  density.   The  directivity  of  the  circular  patch  excited  in the m = 1 modes  can be  expressed  as  

𝐷0 =  
(𝑘0∗𝑎𝑒)2

120∗𝐺𝑟𝑎𝑑
                                                                                                      (28) 

4.2. Input Impedance  

The input impedance of the microstrip antenna at resonance is real and the input power is independent of the feed 

point position on the circumference. Taken the reference of the feed point at ∅‟= 0
o
, the input impedance at any 

radial distance  ρ′ = ρ0  from the center of the patch, for the dominant TM11 mode can be written as [7]  

 

𝑅𝑖𝑛  𝜌
′ = 𝜌0 =  

1

𝐺𝑡  

𝐽𝑚
2  𝑘𝜌0 

𝐽𝑚
2  𝑘𝑎𝑒 

                                                              (29) 

Where 𝐺𝑡  is the total conductance due to radiation, conduction (ohmic) and dielectric losses, as given by ((25), (26)).  

4.3. Quality Factor  
The quality factor is a figure of merit that is representative of the antenna losses. Typically there are radiations, 

conduction (ohmic), dielectric and surface wave losses. Therefore the total quality factor 𝑄𝑡  is influenced by all of 

these losses and is, in general, written as [6]  

 
1

𝑄𝑡  
=

1

𝑄𝑟𝑎𝑑  
+

1

𝑄𝑐
+

1

𝑄𝑑  
+

1

𝑄𝑠𝑤  
                                                             (30) 

Where 𝑄𝑡  = total quality factor.  

𝑄𝑟𝑎𝑑  = quality factor due to radiation (space wave) losses. 

𝑄𝑐  = quality factor due to conduction (ohmic) losses. 

𝑄𝑑  = quality factor due to dielectric losses. 

𝑄𝑆𝑤 = quality factor due to surface waves. 
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For very thin substrates, the losses due to surface waves are very small and can be neglected. However, for thicker 

substrates they need to be taken into account .For very thin substrates (h <<  ℷ0) of arbitrary shapes (including 

rectangular and circular), there are approximate formulas to represent the quality factors of the various losses. These 

can be expressed as [7]. 

𝑄𝑐  =    𝜋 ∗ 𝑓 ∗ 𝜇 ∗ 𝜍                                                                   (31) 

𝑄
𝑑=

1

𝑡𝑎𝑛 (𝛿)

                                                                                     (32)    

𝑄𝑟𝑎𝑑  =   
2∗𝜔∗𝜖𝑟

 
𝐺𝑟𝑎𝑑

2∗𝑎
 
 
𝑎

2
                                                                                                        (33) 

5.   DISCUSSION OF RESULTS 

 

                  Table 2. Radiation characteristics of a circular antenna excited by the dominant mode 𝑇𝑀11  and 

operates at the central frequency of 2, 45 GHz and having a substrate thickness of 0.0762 cm 

Mode TM11  

 

Characteristics RT / duroid - 5880 

PTFE ε𝑟   = 2.2 

Silicon  

ε𝑟= 11.8  

Indium Phosphide 

(InP) 

ε𝑟  = 12.4 

Gallium Arsenide 

(GaAs) 

ε𝑟  = 12.9 

a (cm) 2.3588 1.0347 1.0096 0.9901 
𝑎𝑒  (cm) 2.4203 1.0446 1.0190 0.9991 
𝐺𝑡  (S) 2.8954*10−3 2.17703*10−3 2.14614*10−3 2.12235*10−3 
𝐷0 (dB) 7.62386 5.2277 5.2034 5.1849 

𝑅𝑖𝑛  (Ohm) 345.375 460 464.185 471.175 
𝐸 − 𝑃𝐿𝐴𝑁𝐸 𝐻𝑃𝐵𝑊 ( 𝑑𝑒𝑔𝑟𝑒𝑒𝑠) 46 90 90 90 
 𝐻 − 𝑃𝐿𝐴𝑁𝐸 𝐻𝑃𝐵𝑊 ( 𝑑𝑒𝑔𝑟𝑒𝑒𝑠) 39 43 43 44 

 

                   Table 3. Radiation characteristics of a circular antenna excited by the higher mode 𝑇𝑀21  and operates 

at the central frequency of 2, 45 GHz and having a substrate thickness of 0.0762 cm  

Mode TM21  

 

Characteristics RT / duroid - 5880 

PTFE ε𝑟  = 2.2 

Silicon  

 ε𝑟  = 11.8  

Indium Phosphide 

(InP) 

ε𝑟  = 12.4 

Gallium Arsenide 

(GaAs) 

ε𝑟  = 12.9 

a (cm) 2,3588 1.0347 1.0096 0.9901 
𝑎𝑒  (cm) 2.4203 1.0446 1.0190 0.9991 
𝐺𝑡  (S) 2.13376*10−3 5.05121*10−4 4.74239*10−4 4.50452*10−4 
𝐷0 (dB) 6.17946 6.8016 6.8077 6.8122 

𝑅𝑖𝑛  (Ohm) 468.656 1980 2108.64 2220 
𝐸 − 𝑃𝐿𝐴𝑁𝐸 𝐻𝑃𝐵𝑊 ( 𝑑𝑒𝑔𝑟𝑒𝑒𝑠) 90 90 90 90 
 𝐻 − 𝑃𝐿𝐴𝑁𝐸 𝐻𝑃𝐵𝑊 ( 𝑑𝑒𝑔𝑟𝑒𝑒𝑠) 66 67 67 67 

 From the results obtained (dominant mode TM11) from both the manual computation and the simulation as 

presented on Table 2 & figures 2-3, it was clear that when the dielectric constant ε𝑟  of substrate increases 

(ε𝑟 (RT/duroid) < ε𝑟 (Silicon) < ε𝑟 (Indium Phosphide) < ε𝑟 (Gallium Arsenide)), the input resistance (impedance) 

increases while the physical radius and the directivity decrease slightly. 

Now, the study that we will subsequently lead for the higher mode TM21.  
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Figure 2. Input impedance at resonance of circular antenna excited in TMm1 modes for  

ε𝑟  = 2.2, ε𝑟  = 11.8, ε𝑟  = 12.4 & ε𝑟  = 12.9 
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             Figure 3. Total input conductance at resonance of circular antenna excited in TMm1 modes for 

 ε𝑟  = 2.2, ε𝑟  = 11.8, ε𝑟  = 12.4 & ε𝑟  = 12. 9 

    

We proceed to a series of simulation and calculation of radiation characteristics like those seen previously. 

For substrates having a high dielectric constant, when we go to higher mode TM21, the directivity increases slightly. 

The input resistance (impedance) increases highly (table 3). 

Similarly, the total conductance which represents losses at the substrate decreased. 

We make a comparative study of the radiation characteristics (directivity, input resistance, total conductance and 

radiation pattern E (E-Plane)) between the two modes TM11 and TM21. The simulation results are shown in figures 

(2 & 3).  

 For substrates having a high dielectric constant, the directivity and the input resistance (impedance) increase when 

we change the mode TM11 to the mode TM21, while the total input conductance decreases. 

 

6.   CONCLUSION  

This research was aimed at designing and implementing circular Microstrip patch antenna using cavity model for 

modes TM11 and TM21. 

Alongside this, various parameters such as patch physical radius, conductance, directivity and input resistance, 

which dictate the ultimate performance of the antenna, were determined by simulation using a program developed in 

MATLAB and also by manual computation. 

For substrates having a high dielectric constant, the directivity and the input resistance (impedance) increase when 

we change the mode TM11 to the mode TM21, while the total input conductance decreases. 

The antenna performance is improved when going from the mode dominant TM11 to a higher mode TM21. 
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