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ABSTRACT 
The paper addresses a performance analysis of an alternative method for the calculation of global forces. The mean 

and difference potentials technique is physically related to the virtual work principle, and relies on a reformulation 

of the computation sequence to evaluate the system’s stored energy difference. The technique is the result of 

exploiting superposition in magnetically linear systems, and can be applied to any sequence of boundary-value 

problems which differ only in the placement of their excitations. The method has been successfully applied to solve 

interior problems with translational symmetry. The present work investigates its performance when used to solve a 

well known academic force calculation problem. The forces acting on an iron rail at various positions relative to a 

pair of busbars carrying equal and opposite currents are obtained using four different techniques. The force-

displacement characteristic that represents the benchmark for computed forces is built from computationally 

equivalent force estimates produced by the methods of weighted Maxwell stress tensor and Lorentz equation. 

Computed forces by the method of mean and difference potentials and classical virtual work are compared. 

Numerical results show that magnetic saturation adversely affects the performance of the mean and difference 

method. However, along the range of magnetically linear field problems, the force estimates produced by the mean 

and difference potentials method match the benchmarks very closely, with an average per cent error of 1.3%, against 

3.8% for the classical virtual work method. 

 
Keywords: Boundary value problems, Finite element analysis, Magnetic forces. 

 

1. INTRODUCTION 

The design of electromechanical devices that produce forces or torques is a highly specialized task, and the accurate 

prediction of the generated forces and torques play an important role in the process. Usually, simulation results 

obtained from numerical field solutions must be extremely accurate if they are to be of any practical use; in many 

applications electromagnetic fields must be computed to an accuracy of 1 part in 1000 or better. However, high 

accuracy requirements are only satisfied if the materials used in the construction of electromagnetic devices are 

easily measured and characterized, and their properties are reasonably constant. Many other specific questions affect 

the accuracy of field computations and these involve, for example, the geometrical complexity of the device, the 

unbounded nature of the electromagnetic fields, parasitic effects and magnetic saturation [1].  

Almost all formulations for force calculation are based on the virtual work principle or on the concept of Maxwell 

stress tensor. Under their classical formulation, these approaches can be applied to evaluate the total force produced 

by, practically, any device [2]. In recent years, many problems present in numerical force calculations have been 

investigated, and strategies for avoiding them have been proposed. Problems of numeric accuracy and consistency, 

allied to the computational cost of numerical force formulations, have been the focus of extensive academic and 

industrial researches. 

The evaluation of forces and torques usually involves some kind of numerical differentiation, and all familiar 

sources of errors are present in numerical differentiation. Errors in the approximation function are the most critical, 

even when small, because they are magnified by differentiation algorithms. In numerical problems involving both 

differentiation and integration, errors will be minimized if the order of the operations can be so rearranged that all 

integrations are done numerically, all differentiations analytically [3]. The new arrangement for the sequence of 

operations is theoretically justified by the fact that numerical integration is a robust process and analytic 

differentiation is error-free. The method of mean and difference potentials for the calculation of magnetic forces and 

torques is physically related to the virtual work principle and relies on this reformulation of the computation 

sequence. 

The development of the mean and difference potentials method focus on the idea of performing force and torque 

calculations using potentials directly, and avoiding numerical differentiation entirely. The formulation has been 

developed in terms of magnetic vector potential distributions instead of stored magnetic coenergy. The method of 

mean and difference potentials has initially been applied to the calculation of cogging torques in permanent-magnet 



IJRRAS 11 (2) ● May 2012 Nogueira ● The Mean and Difference Potentials Technique 

 

 
 

203 

 

motors, and the torque-displacement characteristics have been compared to torque values obtained experimentally 

[4], [5], [6]. Results of these studies have exhibited advantages of the method of mean and difference potentials 

when compared to the classical virtual work. Recently, the method’s performance has been evaluated using 

axisymmetric unbounded computer-based problems related to coil guns and loudspeakers; the force-displacement 

characteristics have been compared to those obtained from the weighted Maxwell stress tensor method, and both 

methods have produced very close force estimates [7]. 

In the present analysis, the mean and difference potentials method is applied to solve the academic problem 

presented initially by Simkin [8]. The problem concerns the computation of the forces acting on an iron rail at 

various positions relative to a pair of busbars carrying equal and opposite uniformly distributed currents. An outline 

of the problem geometry is shown in figure 1. Variations of Simkin’s force problem have long been employed in 

important performance analysis wherein the behavior of the force calculation method under investigation has been 

compared to that obtained from the method of Lorentz equation JB [9]. 

 

 
Figure. 1. Outline of the problem: (a) Sketch in three dimensions; (b) Two-dimensional view. Dimensions in centimeter. 

 
The test problem is solved using the following force calculation methods: (i) Lorentz equation; (ii) Weighted 

Maxwell stress tensor (WST); (iii) Classical virtual work; (iv) Mean and difference potentials. The first two methods 

have been chosen due to their recognized reliability in producing accurate and consistent force results, and will be 

used to establish the force-displacement characteristic that represents the benchmark. From now on, the first three 

methods will be referred to as “conventional methods”. The theoretical background of two force methods based on 

the virtual work principle is presented in the appendix. 

 

2.    REVIEW ON FORCE METHODS 

Calculation of magnetic forces from numerical field solutions is a wide field of research with extensive published 

theory and many practical problems discussed in the literature.  The investigations carried out by Carpenter on the 

performance of different force calculation methods have brought considerable insight into the subject, and opened a 

new era in the numerical calculation of electromagnetic forces [10]. Hopefully, there are nowadays several 

comparative studies intended to aid researchers to select one or more methods suitable for a given application. Some 

of these studies investigate inaccuracy and/or inconsistency problems encountered in numerical force calculation 

methods, and outline strategies for minimizing these problems [9]. Other studies discuss aspects of the numerical 

model, like the effects of the mesh generation process on the method under investigation [11]. Sometimes, these 

studies appear as part of research papers intended to present more general and innovative theories on magnetostatic 

force formulations. It is the case, e.g., of the research paper that introduces the theoretical basis of the method of 

weighted Maxwell stress tensor [12]. 
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When global magnetic forces are calculated by the method of Maxwell stress tensor, the choice of the contour of 

integration assumes great importance. This happens because the computed field distribution, expressed in terms of 

the H- or B-field, is an only an approximation to the true or “perfect” one, i.e., there is an inherent error in the 

numerical field distribution, and the independence of the values of computed forces/torques relative to the choice of 

the integration contour disappears. To overcome the difficulties encountered in getting accurate and consistent force 

calculations from imperfect numerical field solutions, algorithms based on local error estimation have been proposed 

as an alternative for the choice of integration contours [9]. Soon after, the method of weighted Maxwell stress tensor 

has proved to be one of the most reliable approaches for the calculation of forces/torques from numerical field 

solutions. Despite the complexity of its mathematical derivation [12], the weighted approach became an essential 

simulation tool of modern electromagnetic cad systems, where the contours of integration and weighting functions 

are calculated in a completely automated process [13]. 

Differently to what happened with the appearance of the weighted approach in the late 1980’s, no special simulation 

tool has been proposed to the force/torque calculations based on the virtual work principle. In contrast to the easy 

realization of its formulation, the implementation of the virtual work method requires a judicious choice of the 

positional displacement. This choice is problem-dependent, and usually requires considerable experience. Very 

soon, researchers have noticed that the method of virtual work tends to produce inaccurate force/torque results when 

the small differences in stored field energy produced by the virtual displacement have to be evaluated numerically 

[10]. To overcome the practical problems of choosing suitable positional displacements, as well as the difficulties 

associated with mesh distortion, Coulomb [14] and Meunier [15] have proposed a general approach, based on the 

virtual work principle, that requires only one field solution for each force/torque evaluation in two- and three-

dimensional problems, magnetically linear or not. Despite its generality and elegant formulation, the single solution 

Coulomb approach is prone to accuracy and consistency problems, as discussed in the review of McFee and 

Lowther [9]. At a more basic level, other approaches based on the method of virtual work with only one solution 

have been proposed more recently in [16] and [17]. Two important notes on the extensions of the classical virtual 

work method for design optimization and quasi-static eddy-current applications appear in [18] and [19], 

respectively. 

Benchmarking plays a very important role in the performance analysis of different force calculation methods, and 

the choice of the benchmarks usually requires a careful choice. Some test problems have analytical solutions, but 

may not be adequate because they deal with very simple field distributions, and the difficulties associated with a 

given sequence of numerical operations, and the related numerical errors, may not appear. In addition, 

electromechanical forces and torques are particularly difficult to measure accurately, and most reported experiments 

usually refer to specially constructed and instrumented test devices, not available to other researchers [20]. Yet, a 

third possibility in defining benchmark tests is to compare the results of the method under investigation with those 

produced by other calculation methods recognized for producing consistent and accurate results across a range of 

devices and applications. A useful discussion on benchmark force problems is presented in [21]. 

 

3.    PROBLEM DESCRIPTION 

3.1. Material properties 

In the device under analysis, the current density is 25 A/mm
2
, so the current in each bar is 500 kA. This high value 

for the current has been chosen in the attempt to drive the iron rail into the saturation region at some stages of the 

simulated movement. The nonlinear magnetization characteristic for “pure iron” represents the behaviour of the 

material employed in the rail. 

 

3.2. Force-displacement characteristic 
In the two-dimensional view of figure 1(b), it is shown the problem configuration where the iron rail is 

symmetrically placed with respect to the dashed segments XX’ and YY’, which represent lines of symmetry. For this 

problem’s configuration, the field distribution is symmetric with respect to both lines of symmetry, and the net force 

acting on the rail is zero. This arrangement represents the stable equilibrium point for the iron rail, and the 

configuration where maximum storage of magnetic energy occurs. The present study is concerned with the 

computation of the characteristic that represents the force acting on the iron rail when it is offset from the center 

position in the y direction. 

When the rail is slightly displaced from the centered position in the y direction, there appears a restoring force 

tending to pull it back to the centered position. As the rail continues to move downwards, the restoring force 

increases up to the maximum value, and this occurs when the rail is about to leave the space between the conductors. 

Further increases in such a displacement lead to an increase in the leakage flux that avoids the iron rail and, 

consequently, to a reduction in the magnitude of the restoring force. Based on these considerations, the expected 

force-displacement characteristic should behave monotonically along two adjacent subintervals of simulation, and 



IJRRAS 11 (2) ● May 2012 Nogueira ● The Mean and Difference Potentials Technique 

 

 
 

205 

 

could be represented by a smooth and unimodal function with a point of maximum. 

 

The horizontal plane cut XX’ shown in figure 1(b) is used to define the positional reference frame. When the upper 

and lower halves of the device are symmetrically distributed with respect to this segment, the rail is at its centered 

position and the rail displacement d is taken as zero. 

 

4.    MEAN AND DIFFERENCE POTENTIALS 

4.1. Boundary-value problems 
In the illustration of figure 2(a)-(b) it is shown a cross-sectional view of an idealized busbar carrying a current 

density J and the related spatial distributions at two successive positions. The configuration of figure 2(b) is the 

result of a small displacement in the +y direction. In the classical virtual work method, the device’s stored energy is 

evaluated in these two positions, and the difference in energy divided by the distance will give an estimate to the 

force at the intermediate position. This calculation involves two boundary-value problems (BVP) with magnetic 

vector potential distributions A1 and A2, corresponding to positions 1 and 2 of the busbar. Both problems differ only 

in the placement of the current density distributions J1 and J2, and are subject to similar boundary conditions. 

 

 
Figure 2. Current densities: (a)-(b) Distributions at two successive positions; (c) Half their difference; (d) Half their summation. 

 

Instead of working with the two boundary-value problems in A1 and A2, two other boundary-value problems may be 

defined. The difference problem, expressed in terms of potentials Ad and current densities Jd, is obtained as half the 

difference of the two problems above, and is subject to homogeneous boundary conditions as a result of the 

subtraction. The mean problem, expressed in terms of potentials Am and current densities Jm, is obtained as half the 

summation of the two problems, and is subject to the same boundary conditions of the problems which represent the 

two successive positions. The current distributions of the problems representing half the difference and half the 

summation of the two successive positions are illustrated in figure 2(c)-(d). For the difference problem, the 

overlapping region is source-free, whereas for the mean problem the current density in the overlapping region is the 

same of the original pair of problems. Adjacent to the overlapping regions there are always two current-carrying and 

non-contiguous regions. The height of these regions is the same as the positional displacement d, and the magnitude 

of the current densities is J/2. Is worth noting that the definition of potentials and current density distributions of the 

mean and difference boundary-value problems follow the principle of superposition. 

 

4.2. Energy difference 

The difference of the system’s total energy at the two successive positions illustrated in figure 2(a)-(b) can be 

computed in two ways. In the first one, the difference is computed in terms of the potential distributions A1 and A2, 

and corresponding current densities J1 and J2. In the second one, the energy difference is computed in terms of 

potential distributions Ad and Am, and corresponding current densities Jd and Jm. 
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For the problem that represents half the difference of the two original problems, the distributions of potentials and 

current densities are 

,
2

21 AA
Ad


  (1) 

.
2

21 JJ
Jd


  (2) 

For the problem that represents half the summation of the two original problems, the distributions are 

,
2

21 AA
Am


  (3) 

.
2

21 JJ
Jm


  (4) 

Were the linearized virtual work method to be used for the force computation, the difference in the system’s total 

energy at the two successive positions would be calculated as 

,
2

1

2

1
2211 



 dJAdJAW  (5) 

where  denotes the problem region. Very often, this expression computes a small difference of large numbers and 

this leads to numerical instability. The expression can be rewritten in terms of the difference and mean distributions 

expressed in (1)-(4), 

    mmddmd JAAJAAW   {
2

1
 

    ,} dJAAJAA mmddmd   (6) 

which reduces to 

. 



 dJAdJAW dmmd  (7) 

The energy difference is now obtained by combining the potential distribution of one problem with the current 

density distribution of the other. The two approaches for the evaluation of the energy difference expressed in (5) and 

(7) are equivalent theoretically, but differ numerically, as discussed in a later section. 

 

5.    FINITE ELEMENT MODEL 

5.1. Boundary conditions 

To test the method set out above, numerical field solutions are obtained using the two-dimensional Cartesian 

magnetostatic processors and solver of the simulation software FEMM [22]. To permit two-dimensional analysis, 

the device presented in figure 1 is considered longitudinally uniform and long enough so that end effects are 

negligible. 

 

Attempts are made to predict the force-displacement characteristic using four different techniques. An outline of the 

numerical model is shown in figure 3. The circle that appears in the illustration is used to apply the Kelvin 

transformation for the solution of the mean problems, as well as for the solutions obtained by the conventional 

methods. For the difference problems, the boundary conditions are homogeneous Dirichlet, and the numerical model 

does not include the second circle that represents the mapped exterior region. Here, it is important to keep the outer 

boundary sufficiently far away from the device to minimize the effect of truncation on the precision of the potential 

solutions [23]. In the numerical model for the difference problems, the radius of the circular outer boundary has 

been increased from 40 to 160 cm.  
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Figure  3. Outline of the numerical model, showing the region close to the device 

 

The rail is modeled by six rectangular regions, and the model includes several rectangular air-filled regions below 

the iron rail. These thin rectangular regions are artificial boundaries and are used to simulate the relative movement 

of the rail with respect to the busbars. The current densities Ja,..., Jf indicated in the illustration refer to the current 

density spatial distributions of the problems solved by the mean and difference potentials. This drawing illustrates 

the field problem that represents the rail at the centered position, where its displacement d is zero. 

 

5.2. Simulation of movement 

Different sequences of magnetic vector potential solutions are used to obtain the forcedisplacement characteristics. 

In these sequences, the iron rail moves 22 cm in the y direction. The maximum displacement of the simulated 

sequence represents the configuration where the magnitude of the restoring force falls below one third of the 

maximum force. The rail movement in steps of 1 cm (4.5% of the total excursion) is simulated using the artifice of 

material re-identification to change materials and their properties in problems representing successive positions. 

In the analysis by the conventional methods, there are 23 geometrically distinct problems. To define any two 

successive positions of the rail, it suffices to edit and change the material identification labels attached to the 

elements belonging to two distinct regions. In the illustration of figure 4(a)-(b), it is shown an outline of the field 

problems that represent the rail displaced 1.0 and 2.0 cm from the centered position, respectively. 

In the mean and difference potentials technique, two distinct field problems are solved to obtain the energy 

difference W given by (7) at each intermediate position, so there are altogether 44 program runs for this technique. 

The spatial distributions of current densities for the deviation and mean problems are calculated analytically from 

the problems that would represent two successive positions of the pair of busbars. The first position represents the 

busbars symmetrically placed with respect to the planes x-z and y-z; the second configuration would represent the 

busbars displaced 1.0 cm upwards and the iron rail at the centered position. To obtain the remaining 21 pairs of 

mean and difference problems, the iron rail is displaced downwards in steps of 1.0 cm, whereas the spatial current 

density distribution is kept unaltered.  
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Figure 4. Conventional methods and the material re-identification artifice: (a) rail displaced 1.0 cm; (b) rail displaced 2.0 cm. 

Current densities in A/mm2. 

 

5.3. Mesh design 
The underlying idea of the mesh design is to refine the mesh until very close force estimates are produced by the two 

methods, to know,  Lorentz equation and weighted stress tensor. The process only involves the field problem that 

represents the rail displaced 1.0 cm from the centered position. The starting point is the use of a first, coarse mesh 

created in a process with minimum user’s interaction. The process terminates when the deviation in the pair of force 

estimates calculated by the methods of Lorentz and weighted tensor is lower than 1.0 percent. At this level of 

numerical error, computed forces by the two methods are considered computationally equivalent. 

The method employed to control the level of discretization in a given region is based on the specification of a 

parameter  known as “mesh size”. This parameter defines a constraint on the largest possible size of the elements’ 

edges allowed in a given region. The mesh generator Triangle [24] attempts to fill each selected region with nearly 

equilateral triangles in which the sides are approximately the same length as the specified mesh size parameter. The 

process of mesh refinement is restricted to a small square region close to the device. In this square region, the value 

specified for the mesh size parameter is 1.0 cm for the second mesh, 0.75 cm for the third mesh, and so on. In other 

words, the mesh size parameter decreases in steps of 0.25 cm, until the termination requirement is satisfied. 

In the graph of figure 5, it is shown the effect of the mesh refinement on the process of convergence of the force 

estimates obtained by the two reference methods. For this particular field problem, where the rail is displaced 1.0 cm 

from the centered position, the force estimates based on the initial coarse mesh and obtained from the Lorentz 

method and weighted stress tensor are 5.26 N and 3.45 N, respectively. The final estimates, based on the fifth mesh, 

satisfy the convergence criterion and are equal to 3.53 N and 3.52 N, respectively.  



IJRRAS 11 (2) ● May 2012 Nogueira ● The Mean and Difference Potentials Technique 

 

 
 

209 

 

 
Figure  5.  The effect of the mesh refinement on the force estimates obtained by the two reference methods. The test problem  

represents the rail displaced 1.0 cm in the –y direction. 

 

5.4. Benchmarking 

In the graph of figure  6, the force estimates based on the initial coarse mesh and calculated by the Lorentz equation 

(JB) and weighted stress tensor (WST) methods are marked with “” and “”, respectively. For the calculations 

based on the fifth mesh, the numerical error between each of the 23 pairs of force estimates obtained by the two 

methods is less than 1%, and  the two sequences of force estimates converge to the forcedisplacement 

characteristic marked with “”. A smooth curve is fitted to the various points of this sequence that, from now on, 

will be referred to as the benchmark or sequence of reference values for computed forces. In this graph, the 

intermediate sequences based on the 2
nd

, 3
rd

 and 4
th

 meshes have been omitted to facilitate the visualization of 

results. 

 
Figure 6.  The initial pairs of force estimates computed by the Lorentz method and weighted stress tensor converge to the 

sequence marked with “”. 
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Observation of figure 6 shows that the performance of the weighted stress tensor method has proved to be superior 

to that of the Lorentz method. Presented characteristics clearly show that, for all pairs of forces computed by the two 

methods, the initial force estimates produced by the WST method are closer to the optimal values. 

 

6.     NUMERICAL RESULTS 

6.1. Saturation 

Inspection of magnetic saturation is based on the comparison of the values of stored energy and coenergy for the 23 

field problems solved by the conventional methods. In this inspection, all field solutions are based on the fifth mesh, 

and computed values of energy and coenergy are shown in the graph of figure 7. 

 

 
Figure 7: Inspection of magnetic saturation based on the difference of energy and coenergy values. 

 
The difference between stored energy and coenergy values indicates the presence of magnetic saturation in the iron 

rail. The interval of the magnetically linear operation starts close to the middle of the simulated interval, i.e. when 

the rail is displaced about 11 cm from the centered position. The effect of magnetic saturation on the different force 

calculation methods is discussed in the following. 
 

6.2. Computed forces 

Data related to the performance of the methods of classical virtual work and mean and difference potentials are 

presented in table 1 and figure 8. All force computations are based on the fifth mesh. 

In the illustration of figure 8, force values for the method of classical virtual work appear in the left-hand side graph 

and are marked with “”. Force values for the method of mean and difference potentials appear in the right-hand 

side graph and are marked with “”. In both graphs, the solid curve without marks represents the benchmark. 

Beneath each graph it is presented a summary of percentage errors related to the force method under investigation. 

Observation of the data presented in table 1 and figure 8 shows that force characteristics of the methods under 

investigation trace courses that are roughly similar to the benchmark characteristic. Force results from the classic 

virtual work method include relatively small mismatches along the excursion, particularly around the middle of the 

simulated interval, wherein force values are clearly underestimated. Force results from the mean and difference 

potentials method match the benchmarks very closely along the second half of the simulated interval, wherein the 

two curves are, in fact, hard to distinguish in a graph. However, along the first half of the simulated interval, force 



IJRRAS 11 (2) ● May 2012 Nogueira ● The Mean and Difference Potentials Technique 

 

 
 

211 

 

results from the mean potentials method are all overestimated, and the relatively low correlation with the 

benchmarks must be explained. 

 

 

 
Table 1. Force estimates and related per cent errors for the methods of classical virtual work and mean and difference potentials 

Position Benchmark  Classical virtual work  Mean and difference  

Force 

(kN) 

Force 

(kN) 

Error 

(%) 

Force 

(kN) 

Error 

(%) (cm) 

0.5 1.766 1.690 4.3 1.996 13.1 

1.5 5.265 4.560 13.4 5.902 12.1 

2.5 8.693 8.090 6.9 9.696 11.5 

3.5 12.008 12.680 5.6 13.287 10.7 

4.5 15.140 15.210 0.5 16.602 9.7 

5.5 18.010 17.890 0.7 19.525 8.4 

6.5 20.529 19.620 4.4 21.997 7.2 

7.5 22.602 21.920 3.0 23.901 5.7 

8.5 24.114 24.590 2.0 25.157 4.3 

9.5 24.971 24.700 1.1 25.717 3.0 

10.5 25.134 23.940 4.8 25.588 1.8 

11.5 24.622 23.660 3.9 24.839 0.9 

12.5 23.540 23.250 1.2 23.570 0.1 

13.5 22.034 21.710 1.5 21.921 0.5 

14.5 20.260 19.300 4.7 20.059 1.0 

15.5 18.334 17.750 3.2 18.107 1.2 

16.5 16.382 15.990 2.4 16.161 1.3 

17.5 14.517 12.640 12.9 14.295 1.5 

18.5 12.787 12.670 0.9 12.569 1.7 

19.5 11.210 12.020 7.2 11.007 1.8 

20.5 9.798 9.600 2.0 9.605 2.0 

21.5 8.545 8.390 1.8 8.374 2.0 

 
 

 
Figure 8.  Force computations based on the fifth mesh. 
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In the attempt to facilitate the analysis, two dotted vertical lines that bisect the characteristics of figures 8(a)-(b) have 

been included in the illustration.  With the aid of the dotted vertical lines it is easy to observe that, along the first half 

of the simulated interval, the virtual work method has produced more accurate force estimates, with an average per 

cent error of 4.2%, against 7.9% for the mean and difference potentials method. It is worth noting that the first half 

of these numerical sequences represents the force estimates extracted from the field problems where magnetic 

saturation is present. These figures clearly show that magnetic saturation adversely affects the accuracy of forces 

computed by the method of mean and difference potentials, and this helps to explain the observed low correlation 

with the benchmarks. 

The second half of the simulated interval contains the force estimates extracted from the problems where saturation 

is not present, and the force estimates produced by the mean and difference potentials method are more accurate, 

with an average per cent error of 1.3%, against 3.8% for the classical virtual work method. In other words, for the 

class of magnetically linear devices, the error level of force estimates obtained by the mean and difference potentials 

approach should be considered excellent, especially for a two-dimensional magnetostatic analysis. 

 

7. CONCLUSIONS 

The method of mean and difference potentials is an alternative approach to the calculation of global forces and 

torques in electromechanical devices. The method combines the principles of virtual work and superposition, and 

can be applied to any sequence of boundary-value problems which differ only in the placement of their excitations. 

The method avoids numerical differentiation entirely, and the numerical integrations are performed in the regions 

containing the field sources, wherein the field distributions are usually homogeneous and less prone to numerical 

error. The method’s performance has been evaluated by calculating the forces acting on an iron rail at various 

positions relative to a pair of busbars carrying equal and opposite currents. The benchmark force-displacement 

characteristic represents the convergence of force values produced by the methods of weighted Maxwell stress 

tensor and Lorentz equation. The force-displacement characteristics obtained by the methods of classical virtual 

work and mean and difference potentials trace courses that are roughly similar to the benchmark characteristic. 

Numerical results have shown that the strength of the method of mean and difference potentials in terms of 

robustness and numerical stability is limited to the class of magnetically linear problems. This performance analysis 

clearly identifies the need of further research focusing on a likely improved performance of the method in the 

presence of magnetic saturation. 

 

8. APPENDIX: VIRTUAL WORK APPROACHES 

8.1. Classical Virtual Work 

The basis of the virtual work method is the relationship between force and energy, provided by the principle of 

conservation of energy. The force F in the direction d acting on a movable part of a device is obtained from the 

variation of the system’s magnetic coenergy W’ after a displacement of the movable part in this direction. In the 

simple case where displacements take place only in the d direction, an estimate for the force is obtained by the 

approximate derivative 

,
'

d

W
F




  (A1) 

where W’ is the difference in the magnetically stored coenergies at two successive positions, d is the positional 

displacement, and F is the estimate at the intermediate position. 

 

8.2. Linearized Virtual Work 

When the problem is magnetically linear, the values of stored magnetic energy and coenergy are the same. In this 

case, the stored coenergy can be approximated by the linear energy WL which, in a two-dimensional analysis, is 

obtained by the surface integration 

 
 ,

2
d

AJ
WL  (A2) 

where  denotes the domain of analysis. It is worth noting that the evaluation of stored energy expressed in (A2) 

uses the magnetic vector potential distribution directly, and avoids numerical differentiation. It follows that, in the 

linearized version of the virtual work approach, the force is calculated by 

,
d

W
F L




  (A3) 

where WL represents the difference in the linear energy at two successive positions. 
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