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ABSTRACT 

In this paper a numerical solution of one dimensional heat equation is presented using Galerkin B-spline 
finite element method. Quadratic B-spline basis functions are used for finding the solution. Two test 
problems are studied to evaluate the efficiency of the given technique. Numerical algorithms are developed 
for the simulation to hold. Results obtained are compared with the exact solution available and are found in 
good agreement with each other. 

Keywords:  Heat Equation,Galerkin method, B-splines, Finite difference method, Finite element method . 
 
1. INTRODUCTION  
 
In this paper we consider one dimensional time-dependent heat conduction equation 

                     
 

,           0 1                                                                                                (1) 

Solution of (1) is of great importance as it arises very often in various applications of science and 
engineering. Marwaha & Chopra [1] give a numerical solution for transient thermal distribution in a slab 
where chemical, electrical or nuclear energy is converted into thermal energy. To describe temperature 
profile Elimoel and Rogerio used exponential- sinusoidal one-dimensional analytical model demonstrating 
that heat equation can still be solved analytically [2]. Monte applied a natural analytical approach for 
solving the one dimensional transient heat conduction in a composite slab [3]. He studied the transient 
response of one dimensional multilayered composite conducting slabs to the sudden variations of the 
temperature of surrounding fluid. In a one dimensional hollow composite cylinder with time dependent 
boundary conditions Lu gave a novel analytical method applied to the transient heat conduction equation 
[4]. 

Splines are a kind of piecewise polynomials that are easy to use for the approximations by breaking an 
interval into a number of subintervals [5]. In general, we consider a piecewise polynomial, let [a, b] be a 
finite interval and   be the partition of [a, b] into n elements and  ;  0,1, …  are the 
nodes. These nodes are the parameter values where the polynomial function constituting spline curve 
joining each other [6]. A particular class of splines known as B-spline. B-splines (bell-shaped splines) are 
piecewise polynomial functions that are connected continuously by the smaller curve segments that takes 
care of the continuity having a direct impact on the basis functions. B-spline functions are very popular for 
the smooth approximations and are being used by various researchers for different roblems ([7], [8], [9], 
[10], [11]). In 1946, Schoenberg first proposed the theory of B-splines. Cox(1971) and de Boor(1972) gave 
recurrence relations for the purpose of computing coefficients ([12], [13]). Yang [14] used a technique to 
deal with the boundary conditions using splines. Many others [15], [16] has used B-splines for various 
applications where B-splines has been proved a useful tool for approximations. In addition to this Thomas 
[17] presented extensive use of splines for Boeing. Qiu [18] applied a trivariate B-spline for volume 
reconstruction saying that the B-spline reconstructions are often superior to the existing methods. In the 
present method we proposed a Quadratic B-spline Finite Element Method(QBFEM) for the solution of one 
dimensional heat equation. Temperature distribution over the subintervals will be approximated by the 
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combination of quadratic B-splines and unknown element parameter. The system is reduced to the matrix 
form and further handled by method of lines. Solutions for two different test problems defined in section 2 
are obtained for different mesh sizes and times in section 6. 

 

2. TEST PROBLEMS 
       We show the efficiency of the proposed technique considering two test problems. In the first case we 
have the heat equation (1) with the initial and boundary conditions as 

                      ,                                                                                               (2) 

                      0, 1, 0,    0                                                                                        (3) 

The exact solution is given by  

                      , ∑ cos∞                                                                          (4) 

with the Fourier coefficients defined as  

                                                                                                                     (5) 

                        2 cos                                                                             (6)                                        

For the second case, initial condition is 

                       , 0         , 0 1                                                                    (7) 

With the boundary conditions (3), whose exact solution is  

                     , ∑ cos∞                                                                            (8) 

with the Fourier coefficients defined as  

                                                                                                                  (9) 

                     2 cos                                                                         (10) 

Where 1,2,3, … 

 

3. METHOD OF SOLUTION 
 

We consider the heat equation (1) with the boundary conditions (3) in which  ,   is dependent variable 
with t as time variable and x as the space coordinate. Applying Galerkin’s method, the weak form of (1) is 

                0                                                                                                (11) 

Where ,  is the test function over the computational domain. Integrating by parts we get  

                1 1, 0 0,                                         (12)                    

The interval [0, 1] is divided into n finite elements with equal length∆ . An approximate solution 
,  can be expressed as  
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                  , ∑                                                                                                     (13) 

Where  are yet to be determined and ,  1,2 … 1     are trial basis functions. For the Galerkin 
procedure, the test functions and trial functions are same. So, we have . Substituting (13) in (12) we 
have 

             1 1, 0 0,                                           (14) 

Using boundary conditions (3), we get 

           0                                                                                                  (15) 

We are now seeking an approximation to the solution of (1) where B-spline basis functions are chosen as 
for approximation. In the present work, quadratic B-spline basis functions will be used. 

 

4. QUADRATIC B-SPLINE APPROXIMATION 
 
The interval [0, 1] is divided into N finite elements with equal length ∆  such that0  
1. The set of splines , , …   is taken to form a basis for the functions defined on [0, 1]. The 
Quadratic B-spline basis functions are defined as [19]. 
 

 3  3                                                       
  3                                                                                       

                                                                                                                     
(16) 

Where ;   1,0, …  form a basis over the solution domain and each interval 
,  is covered by three successive quadratic B-spline functions. Identifying each element with the 

interval , , with nodes  and . The values of  and its first derivative at the knots are given 
by the following Table 
 
                                                     

               0             0             1              0 
′               0 2  2               0 

 
 
Taking quadratic B-spline basis functions (16), we have global approximation ,  of the form 
                                           
            , ∑                                                                                                     (17) 
 
Where  are time dependent parameters yet to be determined and   are quadratic B-spline basis 
functions. We transform the quadratic B-spline basis functions over the finite interval [0,h] using the local 
coordinate system 0 . Quadratic shape functions in terms of  over [0, h] can be written as     

               1 2                                                                                                            

    1 2 2  

                                                                                                                               (18) 
 
Thus the element trial functions are given by 
 
              ,                                                                                 (19) 
     
Where , ,   are element shape functions and , ,  are element parameters. Using 
(17) and the given table values, we have 
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          ′                                                                                                                    (20) 
 
The quadratic B-spline  and its first derivative vanish outside the interval , . Following the 
Galerkin approximation, we use (17) and values of   into (15). It results into 
 
          ∑ ′ ′                                                                            (21)                    

Where 1, , 1 and 0,1, … 1. (21) gives us finite element matrix equation in matrix 
form as 

                                                                        0                                                                  (22) 

Where , ,  , , ,   and ,  are 3 3 element matrices defined by 
the integrals 

1
30

6 13 1
13 54 13
1 13 6

 

and 

′ ′ 2
3

2 1 1
1 2 1
1 1 2

 

Where , 1, , 1. By assembling contributions from all the elements, we have the final matrix 
equation in the assembled form as 

                                                              0                                                                           (23) 

Where ,  are the assembled forms of ,  respectively. Using linear variation of the time interval 
 be the partition of the temporal domain. Defining ∆  as the length of the 

time interval. From the Taylor series, temperature at level 1  is  

∆
∆

2  

                                                                
∆

∆                                                                      (24) 

We can now use method of lines to solve (23). We use family of approximation, where  is weight 
factor as 

                                                        1                                                                    (25) 

Substituting in (23) we have 

∆ 0 

∆ 1 0 

A simple arrangement gives us 
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                                          ∆ ∆ 1                                               (26) 

Choosing 1
2 corresponds Crank-Nicolson technique for solving (26). So, we have 

                                     2 ∆ 2 ∆                                                          (27) 

Which can be solved for each time step ∆  to find the numerical solution of the given heat equation (1)-(3) . 

 

5.   STABILITY ANALYSIS 

We analyze the stability of the heat equation with neuman boundary conditions by using matrix method. 
Writing (27) in matrix form we have 

                                                                                                        

where K is the matrix of order N+1 given by 

2   2                              
1   2   1                         

  .    .     .               
.    .    .  

        .    .    .
                  1  2  1
                       2  2 

 

and  ; , 1  is a component vector given by 

  

,
,.

..
,

,

                                                                      

With I as the identity matrix of order (N+1) & 

  

                                                                                                                (28) 

We introduce a diagonal matrix  

√2                                 
   1                            

  .                        
.      

        .    
                  1  

                         √2 

 

in such a way so that K is similar to a symmetric matrix 
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Let  

                                                                                                           (29) 

2 2  

     2 2  

2 2  

                                                                                                                                                                       

But matrices and  are symmetric & commute, so B is symmetric. Therefore B is 
similar to a symmetric matrix . Hence 

                                                                                                                                

Where is the spectral radius of B. The necessary and sufficient condition for stability is given by 

                                            1                                                                                                   (30) 

The spectral radius of matrix B  is given by 

                                     | |                                                                                     

Where , 0,1, … . . are the eigenvalues of the matrix . The value of ′  are 
given by  

                                              ,    0,1, …                                                                        (31)      

where , 0,1, … . .  are the eigenvalues of matrix K. The condition of stability of scheme (27) with 
the help of (30) and (31) is 

                                               0              

The eigen values  of the matrix K are given by 

                                               0                                                                                  (32) 

After simplification 

                                                                          2 4 0                                 (33)   

Where 
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2        1                              
          1       2    1                         

                   .      .    
                               .      .  

                                                 .           .
                                                           1       2           1

                                                                                      1          2  

 

 

                                                                             ∏ 4                                        (34) 

Using equation (33) and (34) we have 

2 4 4 2 0 

2 4 2 0 

Which gives 0  2  4 ∏ , 0,1,2, …  Therefore the method is unconditionally 
stable. By using Taylor’s series expansion one can easily see that the proposed technique has the accuracy 
of order & consistent with the given problem. 

5. NUMERICAL EXPERIMENTS AND CONCLUSIONS 
 
Numerical solutions of the one dimensional heat equation (1) for the test problems along with the analytical 
solutions (4) and (8) are given in this section. The versality and accuracy of the proposed method is 
observed by calculating Wieghted l-1 norm defined as  

1 , ,

,
, , , … ,  

 

           Table 1: Comparison of results at di�erent times for .  with  .  for problem 1 
 

  t=1.2  t=0.6  t=1.0 
x Exact QBFEM Exact QBFEM Exact QBFEM 

0.0 1.194272 1.193151 1.040272 1.040017 0.973673 0.970031 
0.1 1.140344 1.139474 1.014021 1.013791 0.955590 0.952344 
0.2 1.002181 1.001883 0.94242 0.942287 0.905219 0.902999 
0.3 0.833932 0.834158 0.843737 0.843713 0.832747 0.831863 
0.4 0.686029 0.686496 0.739741 0.739806 0.751368 0.751721 
0.5 0.582697 0.583147 0.648036 0.648148 0.673368 0.674605 
0.6 0.522699 0.522999 0.577912 0.578029 0.607431 0.609053 
0.7 0.492834 0.492998 0.530612 0.530708 0.557563 0.559205 
0.8 0.479767 0.479844 0.502401 0.502473 0.524071 0.525538 
0.9 0.474748 0.474783 0.488138 0.488187 0.505259 0.506535 
1.0 0.474382 0.473506 0.483866 0.483907 0.499248 0.500444 

  0.00044578  0.000147008  0.002388977 
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Comparison of the exact and numerical solution for the problem 1 is given in Table 1 at different times for 
0.05 choosing ∆ 0.01, 0.001 with calculated norm. Table 2 shows the numerical solution 

obtained by taking different time steps for the simulation. Figure 1-2 shows the numerical results obtained 
for 0.1 at different times choosing ∆ 0.001, ∆ 0.025  for the problem 1 and problem 2 
respectively. 

Given technique can be applied to the non-linear equations that are difficult to solve directly. It has been 
noted the Galerkin B-Spline FEM provides optimal order of accuracy. We have seen that the numerical 
technique presented here is capable enough of producing numerical solution of high accuracy. The B-
Spline FEM is very beneficial for getting the numerical solutions of the differential equations when 
continuity is basic requirement. 

 

 

 

             

 

Figure 1: Temperature variation using QBFEM for ν = 0.1, ∆ . , ∆ .  
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Figure 2: Temperature variation using QBFEM for ν = 0.1, ∆ . , ∆ .  

 
 

             Table 2:  Comparison of numerical solution with exact solution at di�erent times for 
.   taking   ∆ .  for problem choosing di�erent mesh sizes for 

problem 1. 
 

x ∆ .  ∆ .0005 ∆ .  ∆ .  ∆ .  ∆ .  
0.0 0.634418 0.634398 0.634370 0.634231 0.634211 0.634412 
0.1 0.479486 0.479426 0.479481 0.479465 0.479367 0.479411 
0.2 0.250532 0.250481 0.250523 0.250513 0.250513 0.250525 
0.3 0.158454 0.158422 0.158323 0.158412 0.158451 0.158412 
0.4 0.143156 0.143120 0.143123 0.143143 0.143152 0.143153 
0.5 0.142015 0.142010 0.142011 0.142011 0.142012 0.142011 
0.6 0.142012 0.142011 0.142011 0.142011 0.142011 0.142014 
0.7 0.141954 0.141869 0.141943 0.141922 0.141952 0.141951 
0.8 0.142026 0.142021 0.142012 0.142021 0.142021 0.142022 
0.9 0.141944 0.141942 0.141932 0.141890 0.141941 0.141941 
1.0 0.142035 0.142032 0.142032 0.142031 0.142032 0.142031 

 

 

 

 

         
Table 3: Comparison of results at di�erent times for .  with  .  for problem 2 
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  t=0.1  t=0.5  t=1.0 
x Exact QBFEM Exact QBFEM Exact QBFEM 

0.0 1.154118 1.539191 1.304839 1.304761 1.221453 1.221414 
0.1 1.490737 1.489082 1.287452 1.287383 1.210582 1.210547 
0.2 1.359428 1.358737 1.238417 1.238361 1.179417 1.179382 
0.3 1.193192 1.193417 1.166165 1.166075 1.132748 1.131981 
0.4 1.036056 1.036751 1.081849 1.081847 1.074243 1.074236 
0.5 0.912507 0.913282 0.997035 0.997053 1.012752 1.012753 
0.6 0.827278 0.827929 0.920871 0.920901 0.953925 0.953916 
0.7 0.773966 0.774417 0.859246 0.859281 0.903061 0.903085 
0.8 0.743365 0.743664 0.814924 0.814967 0.864218 0.864247 
0.9 0.727962 0.728173 0.788533 0.788569 0.839975 0.840007 
1.0 0.723305 0.723487 0.779806 0.779841 0.831746 0.831779 

  0.0006349  3.63815e-05  2.48072-05 
       

 

 

 

 

 

 

Table 4: Comparison of numerical solution with exact solution at di�erent times for 
.  

               taking ∆ .  λ = 0.02 for problem choosing di�erent mesh sizes for problem 
2. 
 

x ∆
.  

∆ .0005 ∆ .  ∆ .  ∆ .  ∆ .  

0.0 0.645133 0.645121 0.645118 0.645113 0.645113 0.645113 
0.1 0.563475 0.563472 0.563456 0.563453 0.563453 0.563453 
0.2 0.395718 0.395710 0.395709 0.395710 0.395710 0.395710 
0.3 0.264491 0.264485 0.264478 0.264472 0.264472 0.264471 
0.4 0.205285 0.205281 0.205280 0.205276 0.205271 0.205276 
0.5 0.188398 0.188378 0.188373 0.188367 0.188363 0.188362 
0.6 0.185234 0.185230 0.185227 0.185223 0.185223 0.185223 
0.7 0.184837 0.184831 0.184828 0.184824 0.184824 0.184821 
0.8 0.184803 0.184801 0.184801 0.184801 0.184801 0.184801 
0.9 0.184861 0.184854 0.184851 0.184850 0.184850 0.184850 
1.0 0.184835 0.184831 0.184830 0.184827 0.184827 0.184827 
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